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1. I NTRODUCTION
David is a professor at Carnegie Mellon University. This summer he has committed
himself to his chilled, quiet office to prepare the final chapters of a draft of his book. He
will get the damn thing done.
Still, just as much now as with the rest of year, David often seeks conversation with
colleagues both for pleasure and information, to keep his mind relaxed but sharp, motivated
but deliberate. Unfortunately, two of David’s most valuable interlocutors, Kevin K. and
Kevin Z., are out of town. David knows that Kevin K. spends his summers in San Francisco
with his family, while Kevin Z., a year-round Pittsburgh resident, happens to be visiting
Irvine. When David hears from the department chairman that Kevin Z. has just arrived
on campus, he is delighted. He remembers that they were having a conversation that was
interrupted and never finished. Some important issues about his plans for the last chapter
of his book were at stake, so he looks forward to continuing where they left off.
It turns out that the chairman was wrong. David learns that Kevin K. is on campus,
visiting for the weekend for a conference. David asks around about the whereabouts of
Kevin Z. and is told that he will be in Irvine for at least another week. David thereby
abandons his recently acquired belief that Kevin Z. is on campus, reverting to his initial
belief that Kevin Z. is in Irvine. Last time he spoke with Kevin K. they spent most of their
conversation talking about subtle and interesting connections between their work.
The story is mundane and simple. But actually there are representations of belief according to which this epistemic story is impossible. Suppose that we represent David’s
beliefs using a probability measure, a mapping from propositions in some field to [0, 1]
measuring David’s degrees of belief. Thus, say that David assigns a high degree of belief
to the proposition expressed by ‘Kevin K. is currently residing in San Francisco.’ According to the orthodox Bayesian story, there is a precise number that measures David’s degree
of belief in this proposition, say, 0.935. According to a less orthodox Bayesian account,
there is at least a probability interval measuring David’s degrees of belief, say, the interval
[.8, .95].
When David learns that Kevin Z. is in town he modifies his beliefs using an operation
called conditionalization according to which the new probability of the proposition expressed by ‘Kevin Z. is currently in Pittsburgh’ shifts from a low value to exactly one. Unfortunately, one of the properties of conditionalization is that when a proposition acquires
value one there is no proposition one can subsequently learn by conditionalization that can
modify this value. After you acquire certainty, you will remain certain forever. Why is this
so? We need some definitions to explain this peculiar feature of conditionalization.
Let’s start with the basic idea that propositions are sets of possibilities selected from a
primitive space W of possibilities. We shall remain silent about the nature of the points in
W .1 Propositions, denoted by the letters A, B, C, etc., are subsets of W .
What basic structural features should we require a collection of propositions to satisfy? A mild requirement is that the set of propositions in question is closed under logical
operations—that it forms an algebra. We will use the notation A to denote the absolute
complement of a proposition A; ⊆ to denote subset inclusion; and ⊂ to denote proper
subset inclusion. We appeal to the usual symbols for intersection and union. We can now
make some of the foregoing ideas more precise.

1A similar strategy is used by Wolfgang Spohn in his recent book (Spohn, 2010), Chapter 2.
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Definition 1.1. A collection A of subsets of a set W is called an algebra of sets (or field
of sets) over W if it contains W itself and is closed under the formation of complements
and finite unions:
(i) W ∈ A ;
(ii) If A ∈ A , then A ∈ A ;
(iii) If A, B ∈ A , then A ∪ B ∈ A .
The collection A is called a σ-algebra of sets (or a σ-field of sets) over W if it is an algebra
and it is also closed under countable unions:
S∞
(iv) For every collection {An }∞
n=1 ⊆ A ,
n=1 An ∈ A .
We call an element A of A a proposition (or an event) from A .
Of course, we may omit reference to the underlying set W or collection of sets A when
there is no danger of confusion. The distinction between algebra and σ-algebra are relevant
when W is infinite, collapsing otherwise.
Now that we have established how we can represent objects of belief, we can introduce
the classical axioms of probability.
Definition 1.2. Let A be an algebra over W . A probability measure on A is a nonnegative, normalized, and finitely-additive real-valued function P on A :
(i) P (A) ≥ 0 for every A ∈ A ;
(Non-Negativity)
(ii) P (W ) = 1;
(Normalization)
(iii) For every A, B ∈ A such that A ∩ B = ∅, (Finite Additivity)
P (A ∪ B) = P (A) + P (B).
If A is in addition a σ-algebra over W , then P is a σ-additive probability measure on
A if it is a probability measure and for every sequence {An }∞
n=1 of pairwise disjoint
propositions in
A
,
S∞
P∞
(iv) P ( n=1 An ) = n=1 P (An ). (σ-additivity)
These axioms (first proposed by Kolmogorov) characterize a monadic notion of probability. Conditional probability can then be defined in terms of monadic probability:
Definition 1.3. Let P be a probability measure on an algebra A , and let A, B ∈ A be
such that. Then the conditional probability of B given A, P (B|A), is defined as

P (B|A) :=

P (A ∩ B)
,
P (A)

provided P (A) > 0 and is undefined otherwise.
Both notions of probability are purely synchronic. Why should one adopt these axioms
and definitions? There are ingenious arguments offering justification for these axioms if
one interprets probability as degrees of belief but we cannot enter into this issue here.
What about learning? Many Bayesians would propose that one learns by conditioning.
So, the result of updating a probability function P with a proposition A, denoted PA ,
can be defined as follows: PA (B) = P (B|A) and in general for conditional probability:
PA (X|Y ) = P (X|Y ∩ A).
It is clear from this definition that PA (A) = 1. So, after updating with a proposition A,
the probability of A raises to exactly the value one. Suppose now that you want to update
PA with an arbitrary proposition C. Then we will have that for any proposition B, its
value will be PA (B|C), i.e. we will have P (B|C ∩ A). In particular when C is A we
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have: PA (A|C) = P (A|C ∩ A) = 1. So, after learning A its value raises to 1 and after
that the result of updating PA with any other proposition will not change this fact. You
will continue to be certain that A is the case. Moreover updating with A and then with its
complement is tantamount to learning a contradiction. And this either leads to incoherence
or is undefined.
In spite of that it seems that in many circumstances, for example as a result of an error, one can receive information saying that A is the case, and then learn that this is false.
Unfortunately this is not representable by using probability functions. In general one limitation of the notion of probability we just presented is that one cannot learn a proposition
of probability zero. Conditioning is just undefined in this case.
There are some remedies for this problems within the boundaries of a probabilistic
framework. One of them (perhaps the most fruitful) is to assume conditional probability
as a primitive rather than deriving it from monadic probability. This makes possible to
condition with events of measure zero but still most accounts of this type will assume that
updating a conditional probability function is defined as follows: PA (X|Y ) = P (X|Y ∩
A). And this puts constraints on possible iterated updates as we explained above.
Alternatively Richard Jeffrey proposed a modification of conditioning that is a generalization of conditioning. The main epistemological idea is that when we receive information
from the environment the probabilities might increase or decrease but never increase to one
or decrease to zero. So, when you learn that Kevin just arrived to campus the probability
that Kevin Z. is on campus shifts to a hight value strictly less than one. This is more flexible than conditioning but ultimately Jeffrey’s proposal does extend conditioning. If your
probabilities increase up to one, then this is irreversible. Jeffrey conditioning has other
problems as well, for example, unlike conditioning it is path dependent.
The limitations of the probabilistic model of learning and supposing motivated researchers to think about the problem of belief change in a non-probabilistic setting. Consider again the previous example. One can represent David beliefs in a purely qualitative
way. For example one focus on a propositional language L and one can use sentences of L
to represent beliefs. So, for example one can use the sentence A to represent the fact that
David believes that Kevin Z. is not in Pittsburgh at the moment and we can use the sentence
B to represent the fact that Kevin K. is not in Pittsburgh at the moment. More generally,
David’s belief set K will contain all sentences that David believes at certain time t.
There are certain decisions one should make about the structure of K. The simplest
assumption is that this set contains all the sentences explicitly believed by David at t.
Presumably this is a finite set rather unstructured logically. If instead we use K to represent
David’s doxastic commitments then one can argue that this set should be logically closed.
If I believe A and A entails B then I might not be aware of B but in certain sense I am
committed to believe B.
Let’s abstract for the moment from the problem of finding a relation between this type
of qualitative model and the probabilistic model presented above. This is a complicated
problem that we will consider below. To give the reader an idea of why this is a complicated
problem, let’s consider ¬A. Previously we said that David attributes a hight probability to
this sentence (or to the proposition expressed by this sentence). Should we include in K
exactly the sentences that carry hight probability? We could do so, but then K will not be
closed under logical consequence. It is easy to see that even when A and B might carry
high probability their conjunction might not carry high probability. Should we include in
K only the sentences carrying probability one? It is unclear whether belief (even full belief
or certainty) corresponds exactly with measure one sets. Many philosophers think that full
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beliefs carry probability one but that there are sentences carrying measure one that are not
necessarily fully believed.
The relations between belief (full belief) and probability are not straightforward. So,
many researchers in belief revision have proceeded independently of probability when they
use belief sets. They assume some notion of belief as a primitive (full belief, plain belief)
and use belief sets to represent the corresponding doxastic commitments. There are today
models capable of tending bridges between the probabilistic model and this qualitative
model. We will review them at the end of this note.
Let’s go back to belief sets then and in particular to David’s belief set K. A is in K
representing the fact that David believes that Kevin Z. is not in Pittsburgh at certain time
t. Then the chairman (an authoritative oracle we can suppose) tells David that ¬A. Obviously this sentence is inconsistent with K. Moreover this sentence might be entailed by a
number of other sentences in K (for example, the sentence stating that Kevin is in Irvine
attending a conference, that the conference last one week and that he departed yesterday).
If David wants to introduce ¬A in his belief set preserving consistency it seems that he
needs to eliminate A from it. But simply deleting A would not do. K is logically closed
and A is entailed by other sentences. So, the operation of contracting A from K is not
straightforward. It seems that in order to perform it David has to make some choices that
are not completely determined by logic.
Notice that once one manages to remove A from K the introduction of ¬A to this
. A) is indeed straightforward. One just have
contracted set (that we can denote by K −
.
to add ¬A set theoretically to K − A and take the corresponding logical closure. This
addition operation is usually called expansion and the composition of the contraction of K
with A and the expansion with ¬A is usually called revision.
The theory of belief change is largely the corresponding theory of contraction and revision (taken as an epistemological primitive). Are there interesting axioms that are obeyed
by these operations? Are there clear procedures to construct revisions and contractions?
Is it possible to prove representation results for a given axiomatic base in terms of these
constructive procedures (contractions)?
Obviously in order to construct a concrete theory of contraction (revision) one has to
make crucial assumptions as to what is an epistemic state and what is its logical structure.
If we decide to represent the dynamic of explicit belief presumably we will work with belief
bases, i.e. mere sets of sentences. Commitment sets for various attitudes would be logically
closed. Moreover, one might think that an epistemic state is something more complex than
a belief set of a belief base. Perhaps one should add to the representation other elements
like an entrenchment ordering or a plausibility ordering, for example. Theories of this sort
would be richer and logically distinct from the simpler theories. We will consider some of
the most salient epistemological and logical options below.
1.1. Historical Remarks. Perhaps the earliest fully formalized version of a theory of belief change appears in the writings of William Harper in the mid 1970’s. For example,
Harper (1975) presents various crucial axioms of revision that later on will be utilized by
logicians. Harper’s ideas were influenced by Bayesian insights and the appeal to various
forms of probability kinematics. He was also one of the first researchers who investigated to use of primitive conditional probability and its dynamics. Unfortunately his work
remains unknown to many logicians working in belief change. But his contributions to
belief change were very important and they antedated much of the logical and probabilistic
work in the field.
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Isaac Levi made important philosophical contributions to belief change in the early
1980’s. In (1980), Levi presents original work on belief change. Unlike Harper, Levi did
not offer an axiomatic account of belief change. But he characterized various operations
of belief change in a decision-theoretic manner. More recent work includes (Levi, 1991,
1996, 2004).
The logical work on belief change starts in 1985 with the publication of an influential
paper by Alchourrón, Gärdenfors and Makinson (Alchourrón et al., 1985). The AGM paper
offers axiomatizations of the notions of contraction and revision and proves completeness
results for these axiomatizations.
Three years later Wolfgang Spohn publishes an article (1988) in which he presents a
theory of belief change based on the use of ordinal conditional functions, which today tend
to be know as ranking functions. The account has some advantages with respect to AGM.
For example, AGM is silent about iterated change, while the theory of ranking functions is
able to deal with iteration. A representation result for ranking functions has been obtained
only recently (Hild and Spohn, 2008).
During the 1990’s there was a fair amount of work in computer science devoted to the
topic of belief change. Spohn’s ideas have been very influential among computer scientists
especially taking into account the problem of how to characterize iterated change. A very
influential paper articulating a theory of iterated change (Darwiche and Pearl, 1997) offers
an account compatible with the use of ranking functions, although it is more general.
1.2. The AGM Model. After almost 25 years of research, the model of belief change proposed by Alchourrón, Gärdenfors and Makinson (Alchourrón et al., 1985) in their classic
paper remains influential. Even when the axiomatic base for contraction has been revised,
expanded and contracted, the basic formal techniques used in the paper have passed the
test of time.
In the AGM framework, an agent’s belief state is represented by a logically closed set
of sentences K, called a belief set. The sentences of K are intended to represent the beliefs
held by the agent. Belief change then comes in three flavors: expansion, revision, and
contraction.
In expansion, a sentence φ is added to a belief set K to obtain an expanded belief set
K +φ. Since in the AGM framework K +φ is simply the logical closure of the set-theoretic
sum of φ with K, the resulting expansion might be logically inconsistent. In revision, by
contrast, a sentence φ is added to a belief set K to obtain a revised belief set K ∗ φ in a
way that preserves logical consistency. To ensure that K ∗ φ is consistent, some sentences
from K might be removed. In contraction, a sentence φ is removed from K to obtain a
. φ that does not include φ. In the AGM framework, revision can
contracted belief set K −
be reduced to contraction via the so-called Levi identity, according to which the revision of
. ¬φ expanded by φ. We
a belief set K with a sentence φ is identical to the contraction K −
will first focus on contraction, later discussing revision.
1.3. Technical Preliminaries. We presuppose a propositional language L with the connectives ¬, ∧, ∨, →, ↔. We let For(L) denote the set of formulae of L; a, b, c, . . . p, q, r, . . .
denote propositional variables of L; α, β, δ, . . . , φ, ψ, χ, . . . denote arbitrary formulae of
L; and Γ, ∆, Θ, . . ., Λ, Σ, Ψ, . . . denote arbitrary sets of formulae. Sometimes we assume
that the underlying language L is finite. By this we mean that L has only finitely many
propositional variables.
As is customary, we assume that L is governed by a Tarskian consequence operation
Cn : P(For(L)) → P(For(L)) such that:
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(i) Γ ⊆ Cn(Γ).
(ii) If Γ ⊆ ∆, then Cn(Γ) ⊆ Cn(∆).
(iii) Cn(Cn(Γ)) ⊆ Cn(Γ).
In addition, the operator Cn is assumed to satisfy the following conditions:
(iv) Cn0 (Γ) ⊆ Cn(Γ), where Cn0 is the classical consequence operation.
(v) If φ ∈ Cn(Γ), then there is some finite Γ0 ⊆ Γ such that φ ∈ Cn(Γ0 ).
(vi) If φ ∈ Cn(Γ ∪ {ψ}), then ψ → φ ∈ Cn(Γ).
Conditions (i)-(vi) are respectively called Inclusion, Monotony, Idempotence, Supraclassicality, Compactness, and Deduction (Hansson, 1999, p. 26). As usual, Γ is called logically
closed with respect to Cn if Cn(Γ) = Γ, and Γ ` φ is an abbreviation for φ ∈ Cn(Γ). While
in logical parlance logically closed sets are called theories, the belief revision literature has
adopted its own terminology, calling theories belief sets. The usual epistemological interpretation of theories is as commitment sets, representing the doxastic commitments of a
rational agent (Levi, 1991). We let K denote the collection of logically closed sets in L, an
arbitrary element of which we usually denote by K.
2. C ONTRACTION
We first discuss an influential model of belief contraction due to Alchourrón et al.
(1985), called partial meet contraction. We will then turn to so-called entrenchment-based
models of contraction due to Gärdenfors (1988); Gärdenfors and Makinson (1988), and
Rott (1991).
2.1. Partial Meet Contraction. A central notion used to construct an AGM contraction
function of a set of formulae Θ is the concept of an α-remainder set of Θ, the collection
of maximal subsets of Θ which do not imply α. Such a set guarantees minimal loss of
information in the sense of subset inclusion.
Definition 2.1. Let Θ be a collection of formulae and α be a formula. The α-remainder
set of Θ, Θ⊥α, is the collection of subsets Γ of For(L) such that:
(i) Γ ⊆ Θ;
(ii) α ∈
/ Cn(Γ);
(iii) There is no set ∆ such that Γ ⊂ ∆ ⊆ Θ and α ∈
/ Cn(∆).
A member of Θ⊥α is called an α-remainder of Θ. We let Θ⊥L := {Θ⊥α : α ∈ For(L)}.
From this definition, we can immediately derive the following two properties of remainder sets:
(a) Θ⊥α = {Θ} if and only if α ∈
/ Cn(Θ);
(b) Θ⊥α = ∅ if and only if α ∈ Cn(∅).
Established straightforwardly using Zorn’s Lemma, the so-called Upper Bound Property
specifies natural conditions which guarantee the existence of α-remainders:
(c) If Γ ⊆ Θ and α ∈
/ Cn(Γ), then there is some ∆ such that Γ ⊆ ∆ ∈ Θ⊥α.
It is well known that remainder sets of belief sets behave quite well from several perspectives, enjoying many nice and useful properties, such as the following:
Proposition 2.2. Let K be a belief set. Then:
(i) If Γ ∈ K⊥α, then for every β ∈ K\Γ, Γ ∈ K⊥β;
(ii) If α, β ∈ K, K⊥(α ∧ β) = K⊥α ∪ K⊥β;
(iii) If α, β ∈ K, K⊥(α ∨ β) = K⊥α ∩ K⊥β.
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We now have enough elements to introduce the main operation of contraction proposed
by AGM, called partial meet contraction. The idea is to select a subset of the collection
of maximal consistent subsets of a belief set K that do not imply α, thereupon identifying
the intersection of the selected α-remainders with the contraction of K by α. A selection
function is introduced in order to make the selection. Here generalized for arbitrary sets of
formulae, the notion of a selection function utilized by AGM can be defined as follows:
Definition 2.3. Let Θ be a set of formulae. A selection function for Θ is a function γ on
Θ⊥L such that for all formulae α:
(i) If Θ⊥α 6= ∅, then:
(a) γ(Θ⊥α) ⊆ Θ⊥α, and
(b) γ(Θ⊥α) 6= ∅;
(ii) If Θ⊥α = ∅, then γ(Θ⊥α) = {Θ}.
Partial meet contraction for arbitrary sets of formulae Θ can then be defined as follows:
. on For(L) is a partial meet
Definition 2.4. Let Θ be a set of formulae. A function −
contraction for Θ if there is a selection function γ for Θ such that for all formulae α:
. α
Θ−

=

\

γ(Θ⊥α).

A partial meet contraction for a belief set K is a contraction operation in the sense of
AGM.
It follows from these three definitions that if α is a logical truth or α ∈
/ Θ, then Θ
. α = Θ. Two limiting cases
remains unchanged after contraction by α; in symbols, Θ −
of partial meet contraction are of special interest: The case in which the selection function
(i) selects (i) exactly one element of Θ⊥α, and the case in which it selects (ii) the entire
set Θ⊥α. These two special cases are now known as maxichoice contraction and full meet
contraction, respectively (Gärdenfors, 1988).
Actually, the general approach behind AGM is concerned not only to provide semantic
characterizations of belief change but also to supply postulates contraction operations must
obey. Accordingly, the main logical goal of this approach is a representation result for a
set of compelling postulates. AGM show that partial meet contraction for belief sets is
characterized by the following postulates:
. 1) K −
. α = Cn(K −
. α).
(K −
(Closure)
.
.
(K − 2) K − α ⊆ K.
(Inclusion)
. 3) If α ∈
. α = K.
(K −
/ K or α ∈ Cn(∅), then K −
(Vacuity)
.
.
(K − 4) If α ∈
/ Cn(∅), then α ∈
/ K − α.
(Success)
. 5) If Cn({α}) = Cn({β}), then K −
. α=K−
. β . (Extensionality)
(K −
. 6) K ⊆ Cn((K −
. α) ∪ {α}).
(K −
(Recovery)
. on For(L) satisfies the above postulates just
By characterized we mean that a function −
in case it is a partial meet contraction for K.
These postulates are commonly referred to as the basic AGM postulates. All the conditions except perhaps Recovery seem reasonable. In fact, Recovery is the most controversial
postulate from the foregoing list. There is a relatively large literature on the adequacy of
Recovery (the following articles are perhaps salient: (Makinson, 1987),(Levi, 1991)). Several competing operations of contraction which do not obey the Recovery postulate have
been proposed in the literature, such as saturatable contractions (Levi, 1991), severe withdrawals (Rott and Pagnucco, 1999), and systematic withdrawals (Meyer et al., 2002). We
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will discuss some of these operations later when consider the work of Isaac Levi in this
area.
It is possible to strengthen the notion of partial meet contraction by requiring that the
selected members of the remainder set are the “best” elements with respect to an underlying
relation defined on the collection of remainders.
. on For(L) is a relational partial
Definition 2.5. Let Θ be a set of formulae. A function −
meet contraction for Θ if there is a selection function γ for Θ and a binary relation  on
Θ⊥L such that for every formula α:
. α = T γ(Θ⊥α);
(i) Θ −
(ii) If Θ⊥α 6= ∅, then γ(Θ⊥α) = {Γ ∈ Θ⊥α : Λ  Γ for all Λ ∈ Θ⊥α}.
. transitively relational.2
If such a relation  is in addition transitive, then we call such −
This semantic requirement is reflected in two supplementary postulates:
. 7) (K −
. α) ∩ (K −
. β) ⊆ K −
. (α ∧ β).
(K −
(Conjunctive Overlap)
.
.
. (α ∧ β) ⊆ K −
. α. (Conjunctive Inclusion)
(K − 8) If α ∈
/ K − (α ∧ β), then K −
The centerpiece of AGM’s influential 1985 paper can now be stated as follows:
. be a function on
Theorem 2.6 (Alchourrón et al. (1985)). Let K be a belief set, and let −
For(L). Then:
. is a partial meet contraction for K if and only if it satisfies postu(i) The function −
.
. 6).
lates (K − 1) to (K −
.
(ii) The function − is a transitively relational partial meet contraction for K if and
. 1) to (K −
. 8).
only if it satisfies postulates (K −
2.2. Entrenchment Based Models. Several other procedures for constructing contractions have been shown to coincide with transitively relational partial meet contraction.
Perhaps one of the most important is based on a notion of epistemic entrenchment. The
idea behind the notion of entrenchment is that when one says that ‘one sentence β is more
entrenched than a sentence α in the current belief set,’ this means that β is more useful in
inquiry and deliberation, or has more ‘epistemic value’ than α. In symbols we may write
α < β.
Let us first introduce a relation of entrenchment formally. Let ≤ be a binary relation on
the sentences of the underlying language. We call ≤ an entrenchment relation for a theory
K if the following conditions are satisfied:
(i) If α ≤ β and β ≤ γ, then α ≤ γ.
(Transitivity)
(ii) If β ∈ Cn(α), then α ≤ β.
(Dominance)
(iii) α ≤ α ∧ β or β ≤ α ∧ β.
(Conjunctiveness)
(iv) If the belief set K is consistent, then
(Minimality)
α ≤ β for every formula β if and only if α 6∈ K.
(v) If β ≤ α for every β, then α ∈ Cn(∅).
(Maximality)
A natural and reasonable principle of entrenchment says that in giving up a non-tautological
sentence α from the current view one should preserve the sentences better entrenched than
α. Gärdenfors (1988) and Gärdenfors and Makinson (1988) pursued this principle, offering
the following definition.
. on For(L) is a Gärdenfors’
Definition 2.7. Let K be a belief set. We say that a function −
entrenchment-based contraction for K if there is an entrenchment relation ≤ such that for
2A binary relation R on X is transitive if for every x, y, z ∈ X, if xRy and yRz, then xRz.
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every formula α:
. α
K−

=

(
K ∩ {β : α < α ∨ β}
K

if α ∈
/ Cn(∅);
otherwise.

As reported in the following theorem, Gärdenfors’ entrenchment-based contraction is
characterized by the AGM postulates for contraction.
Theorem 2.8 (Gärdenfors (1988); Gärdenfors and Makinson (1988)). Let K be a belief
. be a function on For(L). Then −
. is a Gärdenfors’ entrenchment-based
set, and let −
. 1) to (K −
. 8).
contraction for K if and only if it satisfies postulates (K −
To establish the ‘if’ direction, one defines an entrenchment relation ≤ on For(L) by
setting for every formula α, β:
α≤β

:iff

. (α ∧ β) or α ∧ β ∈ Cn(∅).
either α ∈
/K−

This definition is the “right” definition in the sense that any Gärdenfors’ entrenchmentbased contraction must satisfy the above constraint when it is understood as a statement.
Hans Rott (1991) has suggested that Gärdenfors’ entrenchment-based contraction has
little motivation. He has proposed that contraction is more plausibly defined by setting for
all formulae α:
. α
K−

(
:=

K ∩ {β : α < β}
K

if α ∈
/ Cn(∅);
otherwise.

However, a contraction function thus defined is not characterized by the AGM postulates
of contraction. We will consider arguments concluding that this is a good thing later when
we discuss doubts about the Recovery postulate.
3. R EVISION
As indicated above, the AGM framework admits a reduction of revision to contraction
via the so-called Levi identity, in symbols expressed as:
K ∗φ

=

. ¬φ) + φ.
(K −

. ¬φ) + φ := Cn((K −
. ¬φ) ∪ {φ}). Thus, according to the Levi identity, the
Here (K −
revision of a belief set K with a sentence φ can be divided into two steps: first, contract
. ¬φ by φ. The composition of the
K by ¬φ; second, expand the contracted belief set K −
contraction and expansion function ensures both that K ∗ φ is consistent and that φ is a
member of the revision K ∗ φ.
We first discuss partial meet revision, the dual of partial meet contraction. We will then
discuss propositional models of belief revision, focusing on sphere-based revision and then
on persisten revision. In between the latter two discussions we make a few remarks about
the connection between propositional models and syntactical models of belief change. We
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illustrate how belief change within propositional models can be depicted geometrically.
This sheds light on syntactical models of belief change.
3.1. Partial Meet Revision. As should be suspected, one can define partial meet revision
by way of the Levi Identity. We define partial meet revision for arbitrary sets of formulae
Θ:
Definition 3.1. Let Θ be a set of formulae. A function ∗ on For(L) is a partial meet
revision for Θ if there is a selection function γ for Θ such that for all formulae α:
Θ∗α

= Cn((

\

γ(Θ⊥¬α)) ∪ {α}).

A partial meet revision for a belief set K is a revision operation in the sense of AGM.
It is also possible to axiomatically characterize revision. The following basic revision
postulates are analogues of the basic contraction postulates:
(K ∗ 1) K ∗ φ = Cn(K ∗ φ).
(Closure)
(K ∗ 2) φ ∈ K ∗ φ.
(Success)
(K ∗ 3) K ∗ φ ⊆ Cn(K ∪ {φ}).
(Inclusion)
(K ∗ 4) If ¬φ 6∈ K, then Cn(K ∪ {φ}) ⊆ K ∗ φ.
(Vacuity)
(K ∗ 5) If Cn({φ}) 6= For(L), then K ∗ φ 6= For(L).
(Consistency)
(K ∗ 6) If Cn({φ}) = Cn({ψ}), then K ∗ φ = K ∗ ψ. (Extensionality)
Partial meet revision for belief sets is characterized by these postulates, i.e., a function ∗
on For(L) satises the above postulates just in case it is a partial meet revision for K.
Attention can be turned from the larger class of partial meet revisions to the smaller
class of functions derived from relational partial meet contractions.
Definition 3.2. Let Θ be a set of formulae. A function ∗ on For(L) is a relational partial
meet revision for Θ if there is a selection function γ for Θ and a binary relation  on Θ⊥L
such that for every formula α:
T
(i) Θ ∗ α = Cn(( γ(Θ⊥¬α)) ∪ {α});
(ii) If Θ⊥α 6= ∅, then γ(Θ⊥α) = {Γ ∈ Θ⊥α : Λ  Γ for all Λ ∈ Θ⊥α}.
If such a relation  is in addition transitive, then we call such ∗ transitively relational.
As with contraction functions, the six basic postulates are elementary requirements of
belief revision and taken by themselves are much too permissive, requiring additional postulates to rein in this permissiveness and to reflect the above semantic notion of relational
belief revision.
(K ∗ 7) K ∗ (φ ∧ ψ) ⊆ Cn((K ∗ φ) ∪ {ψ}).
(Superexpansion)
(K ∗ 8) ¬ψ ∈
/ K ∗ φ, then Cn(K ∗ φ ∪ {ψ}) ⊆ K ∗ (φ ∧ ψ). (Subexpansion)
As counterparts of the supplementary contraction postulates, such additional postulates
are also called supplementary postulates. Together, the foregoing postulates are enough
to characterize transitively relational partial meet revision. We state the aforementioned
results in a theorem.
Theorem 3.3. Let K be a belief set, and let ∗ be a function on For(L). Then:
(i) The function ∗ is a partial meet revision for K if and only if it satisfies postulates
(K ∗ 1) to (K ∗ 6).
(ii) The function ∗ is a transitively relational partial meet revision for K if and only if
it satisfies postulates (K ∗ 1) to (K ∗ 8).
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We wish to bring to the reader’s attention another postulate—or some postulate at least
as strong as it—often added to the mix:
(K ∗ 8r) K ∗ (φ ∨ ψ) ⊆ Cn(K ∗ φ ∪ K ∗ ψ). (Disjunction)
We will see later on in the next section the significance of this postulate in belief change.
3.2. Propositional Models. The AGM framework for belief change uses the notion of
a remainder set to define operators of belief change. As such, belief states and belief
change have a syntactic character. An alternative and arguably more suitable and elegant
framework for belief change uses propositions, or sets of possible worlds, instead. A belief
state can then be represented in terms of a set of possible worlds rather than a collection of
sentences. Accordingly, a set of sentences has a propositional representation as precisely
those possible worlds in which all sentences in the set in question are true.
Propositional models of belief change can be connected to the syntactic models of belief change we have hereunto discussed, offering a useful visualization of the different
operators of belief change. It is therefore somewhat unsurprising to find that several authors have utilized propositional models, including Arló Costa and Pedersen (2010), Grove
(1988), Harper (1975, 1977), Katsuno and Mendelzon (1989, 1991a,b), Morreau (1992),
Pedersen (2008), Rott (1993, 2001), and Spohn (1988, 1990, 1998). In his (1988), Adam
Grove famously connected a generalization of Lewis’ semantics for conditional logic with
the AGM model of belief change, and more recently Hans Rott (2001) expanded upon
this line of research with an eye toward the choice functional literature in rational choice,
establishing a one-to-one correspondence between functional constraints on propositional
models with postulates of belief change. In this section we discuss possible-worlds approaches to modeling belief change, paying particular attention to the work of Grove and
Rott.
Some notational remarks are in order. We let WL denote the collection of all maximal
consistent sets of L with respect to Cn.3 Members of WL are often called states, possible
worlds or just worlds, and we denote an arbitrary member of WL by w. For a non-empty
collection of worlds W of WL , let Th(W ) denote
the set of formulae of L which are memT
bers of all worlds in W (briefly, Th(W ) := w∈Ww); if W is empty, we by convention define Th(W ) := For(L). If Γ is a set of formulae of L, we let JΓK := {w ∈ WL : Γ ⊆ w}.
If φ is a formula of L, we write JφK instead of J{φ}K. A member of P(WL ) is often
called a proposition, and JφK is often called the proposition expressed by φ. Intuitively, JΓK
consists of those worlds in which all formulae in Γ hold. Finally, let EL be the set of all
elementary subsets of WL , i.e., EL := {W ∈ P(WL ) : W = JφK for some φ ∈ For(L)}.
The major innovation in (Alchourrón et al., 1985) is the employment of selection functions to define operators of belief change. As we have seen, in the AGM framework selection functions take remainder sets as arguments. Analogously, many propositional models
of belief change use selection functions which instead take propositions as arguments.
We will call such selection functions propositional selection functions. Rott has shown
in (2001) that this approach is a fruitful generalization of the AGM approach. For our
purposes, it will suffice to couch our discussion in terms of such functions.
Definition 3.4. A propositional selection function is a function f on EL such that f (S) ⊆
S for every S ∈ EL .
3We say that Γ ⊆ For(L) is inconsistent with respect to Cn if Cn(Γ) = For(L) and consistent otherwise. We
call ∆ ⊆ For(L) maximal consistent with respect to Cn if ∆ is consistent and for every Σ ⊆ For(L), if ∆ ⊆ Σ
and Σ is consistent, then ∆ = Σ. A maximal consistent set ∆ has the important property that for every formula
φ, either φ ∈ ∆ or ¬φ ∈ ∆.
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3.2.1. Sphere-Based Revision. Proposed by Grove (1988), so-called sphere semantics offers an elegant representation of belief change. We now introduce the notion of a system of
spheres and sphere-based revision, the latter of which is completely characterized by the
classical AGM postulates of belief revision.
Definition 3.5. Let C ⊆ WL , and let S ⊆ P(WL ). We call S a system of spheres
centered on C if it satisfies the following properties:
(S 1) S is totally ordered by ⊆;4
(S 2) C is the ⊆-minimum of S ;5
(S 3) WL ∈ S ;
(S 4) For every formula φ and S ∈ S , if S ∩ JφK 6= ∅,
then there is a ⊆-minimum S0 ∈ S such that S0 ∩ JφK 6= ∅.
Now for each formula φ, define the following set:
Cφ

:=

{S ∈ S : S ∩ JφK 6= ∅} ∪ {WL }.

Definition 3.6. Let S be a system of spheres centered on C. Define a propositional
selection function fS : EL → P(WL ) by setting for every formula φ:
fS (JφK) :=

min(Cφ ) ∩ JφK.
⊆

We call fS the Grovean selection function for S .
We now introduce sphere-based revision.
Definition 3.7. Let K be a belief set. A function ∗ is a sphere-based revision for K if
there is system of spheres S centered on JKK such that for all formulae φ:
K ∗φ

= Th(fS (JφK)).

The idea behind sphere-based revision can be easily visualized geometrically as in Figure 1. The upper right region of Figure 1 consists of those worlds in which φ is true, while
the center disc, or sphere, consists of those worlds in which all sentences in K are true.
The third sphere from the center is the least sphere min⊆ (Cφ ) intersecting JφK, and the
gray region is the area of the intersection of min⊆ (Cφ ) and JφK, representing the resulting
belief state fS (φ). The corresponding syntactical representation of fS (φ) is given by
K ∗ φ = Th(fS (φ)).
Grove (1988) establishes an important and useful connection between sphere-based revision and the AGM revision postulates.
Theorem 3.8 (Grove (1988)). Let K be a belief set. Then:
(i) Every sphere-based revision for K satisfies postulates (K ∗ 1) to (K ∗ 8).
(ii) Every function on For(L) satisfying (K ∗ 1) to (K ∗ 8) is a sphere-based revision.
4A binary relation R on a set X is a total order if it is antisymmetric (i.e., for every x, y ∈ X, if xRy and
yRx, then x = y), transitive (i.e., for every x, y, z ∈ X, if xRy and yRz, then xRz), and complete (i.e., total:
for every x, y ∈ X, either xRy or yRx).
5
Given a total order R on X, we say that an element x ∈ X is the R-minimum if for every y ∈ X, xRy.
Note that the use of “the” is justified because R is a total order.
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F IGURE 1. Sphere-Based Revision (the case in which φ ∈ K\Cn(∅)).
The gray region represents fS (JφK), which generates the revision of K
by φ, K ∗ φ = Th(fS (JφK)).
Part (i) shows that the postulates are sound with respect to sphere-based revision, while
part (ii) shows that the postulates are complete with respect to sphere-based revision.
3.2.2. The Grove Connection, and Geometric Depictions of Belief Change. In fact, Grove
(1988) reveals a close connection between the AGM modeling and the sphere modeling of
belief change. To see this, suppose that φ ∈ K\Cn(∅). To define belief contraction and
so belief revision, Alchourrón et al. (1985) consider the φ-remainder set K⊥φ of maximal
subsets Γ of K such that Γ does not imply φ. It is easily verified that on the one hand, for
every Γ ∈ K⊥φ there is w ∈ J¬φK such that JΓK = JKK ∪ {w}, and on the other hand,
for every w ∈ J¬φK, K ∩ w ∈ K⊥φ. This establishes a one-to-one correspondence
gφ :
S
J¬φK → K⊥φ given by gφ (w) = K ∩ w. Putting K⊥(K\Cn(∅)) := φ∈K\Cn(∅) K⊥φ
S
and observing that WL \JKK = φ∈K\Cn(∅) J¬φK, the family of bijections (gφ )φ∈K\Cn(∅)
induces a one-to-one correspondence GK : (WL \JKK) → K⊥(K\Cn(∅)) given by
GK (w) := K ∩ w. In light of its fundamental importance, we record the result in a
proposition.
Proposition 3.9 (The Grove Connection, (1988)). Let K be a belief set. Then there is
a bijection GK : (WL \JKK) → K⊥(K\Cn(∅)) such that for every φ ∈ K\Cn(∅) and
w ∈ WL \JKK:
(1)

(2)

w ∈ J¬φK

if and only if

GK (w) = K ∩ w and GK (w) ∈ K⊥φ;

JGK (w)K = JKK ∪ {w}.

The Grove Connection facilitates the geometric visualization of contraction operators.
Setting limit cases aside, the first modeling considered in (Alchourrón et al., 1985), maxi. φ to be some φ-remainder K ∩ w in K⊥φ furnished by
choice contraction, takes K −
. φK =
a singleton-valued selection function γ. Thus, in terms of propositions, JK −
JKK ∪ {w}, where w ∈ J¬φK. If the values of γ are generated by a transitive relation
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. is of course also a transitively rela (as in Definition 2.5), the maxichoice operation −
tional partial meet contraction (thereby satisfying postulates (∗7) and (∗8), among other,
stronger postulates; see (Alchourrón et al., 1985)); yet more is true, as  must also be a
total order because γ is singleton-valued. In light of the Grove Connection GK , the or0
dering  induces a natural total ordering  on WL and so a system of spheres centered
on JKK as depicted in Figure 2, generating what we may call the sphere-based maxichoice
contraction of K by φ.

F IGURE 2. Maxichoice Contraction (the case in which φ ∈ K\Cn(∅)).
The small gray disc represents the singleton proposition {w} selected
. φ = K∩
by fS (J¬φK), generating the contraction of K by φ, K −
Th(fS (J¬φK)) = Th(JKK ∪ {w}).
The second modeling considered in (Alchourrón et al., 1985), full meet contraction, is
. φ to be the intersection of all φ-remainders in K⊥φ
the opposite extreme, taking K −
furnished by the identity selection function γ = id. This corresponds to amassing all
. φK = JKK ∪ J¬φK. Since the selection function is the
worlds in J¬φK, resulting in JK −
identity function, the Grove Connection GK induces a “flat” weak ordering on WL (for
which all elements are equivalent) and so the “coarsest” system of spheres consisting of
JKK and WL , as depicted in Figure 3. This results in what we may call the sphere-based
full meet contraction of K by φ.
The final model considered in (Alchourrón et al., 1985), partial meet contraction, corresponds to the intermediate between the above two extremes. Instead of just a single
. φ takes the intersection of some subset of K⊥φ furnished by
φ-remainder of K⊥φ, K −
. φK is the union of propositions of the form JKK ∪ {w},
a selection function γ. So JK −
where w ∈ J¬φK. As depicted in Figure 4, if γ is generated by a transitive relation (as
in Definition 2.5), the Grove Connection GK induces a natural weak ordering on WL and
a system of spheres exactly intermediate between those of sphere-based maxichoice contraction and sphere-based full meet contraction, thereby generating what we may call the
sphere-based partial meet contraction of K by φ.
The previous pictorial representation should make it clear that full meet contraction
is a particular case of partial meet contraction. Full meet contraction is not mandatory
but is permissible. Researchers have recently criticized the AGM approach for being too
permissive because it admits the possibility of trivial updates of this sort. Perhaps the first
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F IGURE 3. Full Meet Contraction (the case in which φ ∈ K\Cn(∅)).
The large gray region in the upper right corner represents the proposition
.
J¬φK selected by fS (J¬φK), generating the contraction of K by φ, K −
φ = K ∩ Th(fS (J¬φK)) = Th(JKK ∪ J¬φK).

F IGURE 4. Partial Meet Contraction (the case in which φ ∈ K\Cn(∅)).
The gray lens represents the proposition given by fS (J¬φK), generating
. φ = K ∩ Th(f (J¬φK)) = Th(JKK ∪
the contraction of K by φ, K −
S
fS (J¬φK)).
to raise his voice against this feature of the AGM theory of belief change is Rohit Parikh
in (1999). Parikh offered in this article a model of revision that rules out trivial update by
appealing to a syntactic model in which one can articulate the notion of relevance in belief
change. The central idea proposed by Parikh, language splitting, has other applications in
areas other than belief change. In particular, it is related to some of the literature related
to the Beth interpolation theorem (Parikh, 2008). George Kourousias and David Makinson
also wrote a recent paper (Kourousias and Makinson, 2007) inspired by Parikh’s work.
Another researcher who protested against the permissibility of the trivial update in AGM
is Neil Tennant. In his (2006), Tennant tackles this issue, but his account is quite different
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than the one offered by Parikh. He offers a relational model of belief change (instead of
the usual functional account), and one of the byproducts of his account is a principle of
minimal mutilation in belief change that rules out the trivial update. The idea of a relational approach in belief change is not new (see, for example, (Rabinowicz and Lindström,
1994)).
3.2.3. Persistent Revision. The above discussion of contraction functions naturally led to
our considering orderings over WL supplied by the Grove Connection. We will now briefly
discuss propositional models of belief revision which take this as the starting pointing,
focusing in particular on the material of Katsuno and Mendelzon (1989, 1991a,b). We now
introduce the notion of a persistent binary relation, a measurement of how ‘compatible’ or
‘closer’ alternative worlds are with the current beliefs of an agent.
Definition 3.10. Let C ⊆ WL , and let ≤ be a binary relation WL . We say ≤ that is
C-persistent if it satisfies the following properties:
(≤ 1) ≤ is a weak order;6
(≤ 2) For every formula φ, if JφK 6= ∅, then {w ∈ JφK : v ≤ w for all v ∈ JφK} =
6 ∅;
(≤ 3) For every w ∈ WL , w is a ≤-maxima if and only if w ∈ C.7
We define the notion of a selection function based on a persistent binary relation.
Definition 3.11. Let ≤ be a C-persistent binary relation. Define a propositional selection
function f≤ : EL → P(WL ) by setting for every formula φ:
f≤ (JφK) := {w ∈ JφK : v ≤ w for all v ∈ JφK}.
We call f≤ the persistent selection function based on ≤.
We now offer a definition of what we call persistent revision.
Definition 3.12. Let K be a belief set. A function ∗ is a K-persistent revision if there is a
JKK-persistent binary relation ≤ such that that for all formulae φ:
K ∗φ

= Th(f≤ (JφK)).

Among other very useful results, Katsuno and Mendelzon (1989, 1991a,b) show that
the expected should be unsurprising.
Theorem 3.13 (Katsuno and Mendelzon (1991b)). Let K be a belief set. Then:
(i) Every K-persistent revision satisfies postulates (K ∗ 1) to (K ∗ 8).
(ii) Every function on For(L) satisfying (K ∗ 1) to (K ∗ 8) is a K-persistent revision.
Indeed, ignoring limit cases, we can easily fill in the lacuna concerning the relationship
between systems of spheres and persistent relations.8 On the one hand, given a system
6A binary relation R on a set X is a weak order if it is transitive (i.e., for all x, y, z ∈ X, if xRy and yRz,

then xRz) and complete (i.e., for every x, y ∈ X, either xRy or yRx).
7
Given a binary relation R on a set X, we say that an element x ∈ X is an R-maxima if for every y ∈ X,
yRx.
8Also note that Part (ii) of Theorem 3.13 holds provided that K is consistent. One can of course modify the
definition of a persistent relation to accommodate such limit cases.
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of spheres S centered on JKK, we can define a JKK-persistent relation by setting for all
w, v ∈ WL , w ≤ v :iff for every T ∈ S , if w ∈ T , then there is some sphere S ⊆ T such
that v ∈ S. The latter definition is a useful simplification of the intuition that w ≤ v should
hold just in case either there are S, T ∈ S such that S ⊆ T and w ∈ T \S and v ∈ S or for
every S ∈ S , w ∈ S iff v ∈ S. On the other hand, given a JKK-persistent relation, we can
define a system of spheres S centered on JKK by setting S := {Sw : w ∈ WL } ∪ {WL },
where Sw := {v ∈ WL : w ≤ v}.
3.3. Belief Change and Rational Choice. Grovean selection functions and persistent selection functions are but two equivalent ways to generate operators of belief change in line
with the AGM paradigm. Such functions generate belief change operators characterized
by the whole set of basic and supplementary AGM postulates. Exploiting results from the
theory of choice, Sten Lindström (1991) and Hans Rott (1993) systematically studied the
relationship between functional constraints placed on selection functions and postulates of
belief change. Hans Rott (2001) continued these studies, generalizing and improving them
in various ways. Among other things, Rott shows in (2001) that certain functional constraints placed on propositional selection functions correspond in a one-to-one fashion to
postulates of belief change. Rott’s results forge a useful bridge between the mathematical
theories of belief change and rational choice. We will discuss a small selection of the material from (Rott, 2001). The interested reader may consult (Pedersen, 2008) for detailed
and extended investigations of the formal and philosophical connections between belief
change and rational decision making.
In rational choice, a selection function is a rule that associates with each menu S, or set
of alternatives available for choice, a subset of S. The subset of alternatives from S are
those options which an agent regards as choosable when faced with the decision problem
S. As such, a selection function is often called a choice function in the context of rational
choice.
In the study of rational choice, so-called coherence constraints have been imposed on
the form relationships may take among choices across varying menus. These requirements
specify how choices must be made across different decision problems. Restricting our
attention to propositional selection functions, some predominant coherence constraints are
the following:
(α) For every S, T ∈ EL , if S ⊆ T , then S ∩ f (T ) ⊆ f (S).
(γ ∗ ) For every S, T ∈ EL such that S ∪ T ∈ EL , f (S) ∩ f (T ) ⊆ f (S ∪ T ).
(β + ) For every S, T ∈ EL , if S ⊆ T and S ∩ f (T ) 6= ∅, then f (S) ⊆ f (T ).
Condition α demands that whatever is rejected for choice from a menu must remain rejected if the menu is expanded. More formally, this means that for any menu S, if x is an
alternative in S and x is not in f (S)—that is, x is not chosen, i.e., is rejected, from S—
then if S is expanded to a menu S 0 —that is, if S 0 is such that S is a subset of S 0 —then x is
not in f (S 0 ). Equivalently, this condition demands that whatever is admissible for choice
from a menu must also be admissible from any smaller menu for which this choice is still
available. This motivates calling condition α a “contraction consistency” condition.9
While condition α is concerned with ensuring that an admissible alternative remains
admissible as a menu is contracted, condition γ ∗ is concerned with ensuring that an admissible alternative remains admissible as a menu is expanded. As an “expansion consistency”
9Condition α, also known as Heritage or Chernoff’s Axiom, was introduced in (Chernoff, 1954, p. 429).

Condition α should not be confused with another important condition, the so-called Independence of Irrelevant
Alternatives (Arrow, 1951, p. 27). See (Sen, 1977, pp. 78-80) for a vivid discussion of the difference between
these two conditions. See also (Ray, 1973) for another clear discussion of this sort.
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condition, condition γ ∗ requires that whatever is admissible for choice from each menu in
a collection of menus must remain admissible from the union of the collection of menus.10
Condition β + , another expansion consistency condition, demands that if any alternative
from a menu is admissible for choice when the menu is expanded, then every admissible
alternative from the menu must be admissible for choice in the expanded menu.11
Definition 3.14. Let f be a propositional selection.
(i) We say that a binary relation R on X rationalizes f if for every S ∈ EL :
f (S)

= {x ∈ S : yRx for all y ∈ S}.

We call f rational (or rationalizable) if there is a binary relation R on X that
rationalizes f .
(ii) We say that f is (complete, quasiorder, etc.) G-rational (or G-rationalizable)
if there is a reflexive (complete, quasiorder, etc.) binary relation  on X that
rationalizes f .12
A rational selection function captures the basic idea behind the principle of preference
maximization: For each decision problem S, f (S) represents those options from S which
are optimal according to some underlying binary relation R. G-rational selection functions
require more. Intuitively, a quasi-order G-rational selection function, for example, has the
property that an agent’s disposition f to choose reveals that he or she would maximize
according to a reflexive and transitive relation  which represents his or her preferences.
It is well-known from the theory of choice functions that under certain domain constraints conditions α and γ ∗ completely characterize rational selection functions (see, e.g.,
(Sen, 1971)). Stated in the context of belief change, we have the following theorem.
Theorem 3.15. A propositional selection function f is rational if and only if it satisfies
condition α and condition γ ∗ .
In much of the literature on the theory of choice, selection functions are assumed to take
the empty set as a value only if the menu under consideration is null:
(f>∅ ) For every S ∈ EL , if S 6= ∅, then f (S) 6= ∅. (Regularity)
Rott calls this condition success in (Rott, 2001, p. 150). We will call a selection function
that satisfies condition f>∅ regular. Added as a hypothesis, regularity guarantees that Grational selection functions are characterized by α and γ ∗ .
Theorem 3.16. A regular propositional selection function f is G-rational if and only if it
satisfies condition α and condition γ ∗ .
G-rationality alone is a weak rationality constraint on selection functions. Among other
properties, often quasiorder G-rationality is an additional constraint imposed on selection
functions, requiring the rationalizing relation  to be both reflexive and transitive.
10Condition γ ∗ was introduced in (Chernoff, 1954, p. 432). A generalized constraint, condition γ, was

introduced in (Sen, 1971, p. 314).
11Sen’s Property β is a close relative of condition β + (Sen, 1977, p. 66). Introduced in (Sen, 1969), condition
β demands that if S ⊆ T and f (S) ∩ f (T ) 6= ∅, then f (S) ⊆ f (T ). Condition β + entails condition β, and in
the presence of condition α, condition β and condition β + are logically equivalent.
12A binary relation R on a set X is a quasiorder if it is a transitive (i.e., for every x, y, x ∈ X, if xRy and
yRz, then xRz) and reflexive (i.e., for every x ∈ X, xRx). Thus, a weak order is a complete quasiorder (see
footnote 6).
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Theorem 3.17. A regular propositional selection function f is quasiorder G-rational if
and only if it satisfies condition α and β + .
A straightforward application of Zorn’s Lemma establishes a result due to Szpilrajn
(1930), which states that every quasiorder has a weak order extension.13 With this result
at hand, it is easily proved that a regular selection function is weak order G-rational just in
case it is quasiorder G-rational, whereby the following result obtains.
Corollary 3.18. A regular propositional selection function f is weak order G-rational if
and only if it satisfies condition α and β + .
Let us now turn to Rott’s correspondence results. To state his results, we need the notion
of a complete propositional selection function.
Definition 3.19. Let f be a propositional selection function on EL .
(i) We define a propositional selection function f on EL by setting for all S ∈ EL :
f (S) :=

JTh(f (S))K.

We call f the completion of f .
(ii) We say that f is complete if f = f .
Observe that for every S ∈ EL , f (S) ⊆ S, so f is a propositional selection function.
Also observe that for all S ∈ EL , f (S) ⊆ f (S). Finally, observe that if L is finite, then
every propositional selection function is complete.14
We now define the notion of a choice-based revision function.
Definition 3.20. Let K be a belief set, and let f be a propositional selection function. The
propositional choice-based revision function ∗ for K generated by f is defined by setting
for every formula φ:
K ∗φ

:=

Th(f (JφK)).

We say that f generates ∗ or that ∗ is generated by f .
To bring the ideas concerning rationalizability to the foreground, we offer the following
definition.
Definition 3.21. Let K be a belief set. We call a function ∗ a (complete, regular, rational,
G-rational, etc.) choice-based revision function for K if there is a (complete, regular,
rational, G-rational, etc.) propositional selection function f on EL that generates ∗.
13If R and R are binary relations on a set X, we call R an extension of R (with respect to X) if R ⊆ R
0
1
1
0
0
1
and R0 ∩ ((X × X)\R0−1 ) ⊆ R1 ∩ ((X × X)\R1−1 ), where R−1 := {(x, y) ∈ X × X : (y, x) ∈ R}.
14If L is infinite, there are propositional selection functions which are are not complete. For example, let
L consist of countably infinite propositional variables (pi : i < ω), and suppose that f (Jp0 K) = Jp0 K\{w0 },
where w0 := Cn({pi : i < ω}). Then f (Jp0 K) = Jp0 K, so f 6= f .
It is an easy matter to verify that a selection function f on EL is complete just in case for every S ∈ EL , there
is ∆ ⊆ For(L) such that f (S) = J∆K.
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Observe that every choice-based revision function for K satisfies postulates (K ∗ 1),
(K ∗ 2), and (K ∗ 6). It is an easy matter to check that the converse holds as well: If ∗
satisfies postulates (K ∗ 1), (K ∗ 2), and (K ∗ 6), then ∗ is a choice-based revision function
for K.
Also observe that ∗ is a choice-based revision function for K generated by f if and only
if for every formula ψ:
ψ ∈K ∗φ

if and only if

f (JφK) ⊆ JψK.

Intuitively, an agent believes a sentence ψ in the revision of K by φ just in case ψ is true
in all the most ‘plausible’ worlds in which φ is true. Of course, the role of a propositional selection function—or any selection function—can be interpreted in various ways in
different contexts.
In his (2001), Rott discusses a handful of coherence constraints for selection functions,
some of which are well-known and others of which he debuts. We present two conditions of the latter sort without offering motivation (see (Rott, 2001, pp. 147-149) for such
motivation):
(F1B ) For every S ∈ EL , if S ∩ B 6= ∅, then f (S) ⊆ B. (Faith 1 respect to B)
(F2B ) For every S ∈ EL , S ∩ B ⊆ f (S).
(Faith 2 respect to B)
We finally are in a position to state Rott’s recent correspondence results which establish a one-to-one correspondence between coherence constraints from rational choice and
postulates of belief revision.15 Presented in a form suitable for this article, the following
theorem provides one part of the connection (cf. (Rott, 2001, p. 197)).
Theorem 3.22. Let K be a belief set. For every propositional selection function f which
satisfies a condition in Column I and the adjoining constraint in Column II, the propositional choice-based revision function ∗ for K generated by f satisfies (K ∗ 1), (K ∗ 2),
and (K ∗ 6) and the adjacent postulate in column III (see Table 1).

I
F2JKK
F1JKK
f>∅
α
γ∗
β+

II
f =f
f =f
-

III
(K ∗ 3)
(K ∗ 4)
(K ∗ 5)
(K ∗ 7)
(K ∗ 8r)
(K ∗ 8)

TABLE 1. If f satisfies a condition in column I and the adjoining constraint in column II, then ∗ satisfies the adjacent postulate in column III.

15Here we focus on some of Rott’s results concerning belief revision. Rott also presents results concerning
non-monotonic logic and belief contraction. For example, Rott shows that in the standard AGM framework
. 7) of belief contraction (Rott,
condition α corresponds not only to posutlate (K ∗ 7), but also to postulate (K −
2001, pp. 193-196) and to rule (Or) of non-monotonic reasoning (which demands observance of the following:
From φ|∼ χ and ψ|∼ χ, infer φ ∨ ψ|∼ χ) (Rott, 2001, pp. 201-204).
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Theorem 3.22 is a ‘soundness’ result, and it has the company of a ‘completeness’ result. Also presented in a form suitable for this article, the following completeness result
is the other part of the connection between coherence constraints of rational choice and
rationality postulates of belief revision (cf. (Rott, 2001, p. 198)).
Theorem 3.23. Every function ∗ satisfying (K ∗ 1), (K ∗ 2), and (K ∗ 6) is a propositional
choice-based revision function for K generated by a propositional selection function f ,
such that if ∗ satisfies a postulate in column I, then f satisfies the adjacent condition in
column II (see Table 2).
I
(K ∗ 3)
(K ∗ 4)
(K ∗ 5)
(K ∗ 7)
(K ∗ 8r)
(K ∗ 8)

II
F2JKK
F1JKK
f>∅
α
γ∗
β+

TABLE 2. If ∗ satisfies a postulate in column I, then f satisfies the adjacent condition in column II.

The reader should observe the modular character of Theorem 3.22 and Theorem 3.23.
Theorem 3.22, for example, says that for every belief set K and propositional selection
function f , if f satisfies condition F1JKK , then the choice-based revision function ∗ for
K generated by f satisfies postulate (K ∗ 4) (as well as postulates (K ∗ 1), (K ∗ 2), and
(K ∗ 6)). Theorem 3.22 also says that for every belief set K and propositional selection
function f , if f is complete and satisfies condition α, then the propositional choice-based
revision function ∗ for K generated by f satisfies postulate (K ∗ 7) (again, as well as
(K ∗ 1), (K ∗ 2), and (K ∗ 6)).
The preceding theorems do not presuppose any basic postulates other than (K ∗ 1),
(K ∗ 2), and (K ∗ 6). We can apply the results from the theory of choice functions to obtain
the following corollary.
Corollary 3.24. Let ∗ be a function on For(L) satisfying (K ∗ 1), (K ∗ 2), and (K ∗ 6).
Then:
(i) The function ∗ is a rational complete choice-based revision function for K if and
only if it satisfies (K ∗ 7) and (K ∗ 8r).
(ii) The function ∗ is a regular G-rational complete choice-based revision function for
K if and only if it satisfies (K ∗ 5), (K ∗ 7), and (K ∗ 8r).
(iii) The function ∗ is a regular weak order (quasiorder) G-rational complete choicebased revision function for K if and only if satisfies (K ∗ 5), (K ∗ 7), and (K ∗ 8).
The preceding corollary reveals the close connection between rationalizability and postulates of belief change. One can add or subtract postulates of belief change to obtain
corresponding coherence constraints which characterize various notions of rationalizability, thereby exploiting results from the theory of choice functions. Thus, the foregoing
discussion of Rott’s results should serve to indicate the depth and utility of the connection
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between rational choice and belief change. Indeed, Rott’s work in (2001) has initiated a
new and exciting area of research in the study of belief change.16
4. D OUBTS ABOUT R ECOVERY, AND S OME R EACTIONS
We now return to belief contraction. We anticipated before that Recovery is one of the
most controversial postulates proposed by AGM. Around 1991 researchers offered various counterexamples to Recovery. For example, Sven Ove Hansson offers the following
alleged counter-examples:

Example 4.1 (Hansson (1991)). While reading a book about Cleopatra I
learned that she had both a son and a daughter. I therefore believe both
that Cleopatra had a son (s) and Cleopatra had a daughter (d). Later I learn
from a well-informed friend that the book in question is just a historical
novel, accordingly contracting my belief that Cleopatra had a child (s ∨
d). However, shortly thereafter I learn from a reliable source that in fact
Cleopatra had a child. I find it quite reasonable to thereby reintroduce
a ∨ b to my collection of beliefs without also returning either s or d. This
contradicts Recovery.
2
Example 4.2 (Hansson (1996)). I believed both that George is a criminal
(c) and George is a mass murderer (m). Upon receiving certain information I am induced to retract my belief set K by my belief that George is
a criminal (c). Of course, I therefore retract my belief set by my belief
that George is a mass murder (m). Later I learn that in fact George is a
. c by s to obtain
shoplifter (s), so I expand my contracted belief set K −
.
(K − c)+s. As George’s being a shoplifter (s) entails his being a criminal
. c) + c is a subset of (K −
. c) + s. Yet by Recovery it follows
(c), (K −
.
that K ⊆ (K − c) + c, so m is a member of the expanded belief set
. c) + s. But I do not believe that George is a mass murdered (m),
(K −
contradicting the recommendation of Recovery.
2
While Peter Gärdenfors (1982) has contended that Recovery is a reasonable principle,
another member of the AGM trio, David Makinson, has expressed doubts about Recovery
(Makinson, 1987) and at the same time has defended its use in certain contexts (Makinson,
1997). Indeed, Makinson (1997) argues that the examples presented above are persuasive
only as a result of tacitly adding to the theory of contraction a justificatory structure that is
not formally represented. For example, Makinson claims that in the second example above
we are inclined to take for granted that m ∨ ¬s is in the belief set only because m is there.
Makinson concludes:
16Rott claims in (2001) that the formal results proved in the book offer a reduction of theoretical reason
to practical reason. This claim goes beyond the formal results stated in the book and it has been questioned
on philosophical grounds (see (Olsson, 2003)). There is a debate as well regarding whether the formal results
offered by Rott offer decision theoretic foundations for belief change. Isaac Levi has questioned this aspect of
Rott’s representation results in (2004). It is clear that Rott has proved very valuable formal results. It is perhaps
more controversial how to interpret them.
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As soon as contraction makes use of the notion ‘y is believed only because
x,’ we run into counterexamples to recovery, like those of But when a theory is ‘naked,’ i.e. as a bare set A = Cn(A) of statements closed under
consequence, then recovery appears to be free of intuitive counterexamples (Makinson, 1997, p. 478).
Thus Makinson seemingly argues that Recovery can fail only in cases in which some justificatory structure is added to the belief set and used to determine the content of a contraction.
More recently, however, Isaac Levi (2003) argues that Recovery can fail even when belief
sets are ‘naked.’ To appreciate Levi’s point we need to introduce some salient aspects of
his work in belief change. We will do this in the next subsection.
4.1. Levi Contractions. Levi’s point of departure is based on the observation that remainder sets are too restrictive. He proposes instead to focus on supersets of remainder
sets called saturatable sets Levi (1991).
Definition 4.3. Let K be a theory, and let α be a formula. The α-saturatable set, S(K, α),
is the collection of subsets Γ of For(L) such that:
(i) Γ ⊆ K;
(ii) Γ = Cn(Γ);
(iii) Cn(Γ ∪ {¬α}) is maximal consistent with respect to Cn.17
We call a member of S(K, α) an α-saturatable subset of K. We let S(K, L) := {S(K, α) :
α ∈ For(L)}.
In Levi’s terminology, members of S(K, α) are saturatable contractions of K removing α. It follows from the above definition that a saturatable set indeed contains the corresponding remainder set:
Proposition 4.4 (Hansson and Olsson (1995)). Let K be a theory. Then for every formula
α ∈ K, K⊥α ⊆ S(K, α).
In (1991), Levi also reformulates the Principle of Economy, a maxim guiding the AGM
theory according to which losses of information should be minimized in contraction. Levi
instead adopts a principle according to which what is minimized in contraction are losses of
informational value rather than information. To represent informational value, we can use
a real-valued function V : K → R, called a value function. Levi argues that an important
requirement of informational value is that it is weakly monotonic:
For every Γ, ∆ ∈ K, if Γ ⊆ ∆, then V (Γ) ≤ V (∆). (Principle of Weak Monotony)
This principle does not exclude the possibility that a set contains strictly less information
than another set, yet the informational value of both sets is the same. The extra information
in the larger set might not be relevant or epistemically important.
Recall that partial meet contraction employs a selection function that selects among the
elements of K⊥α. In this setting, a selection function selects among elements of S(K, α).
Definition 4.5. Let K be a theory. A selection function for K is a function δ on S(K, L)
such that for all formulae α:
(i) If S(K, α) 6= ∅, then:
(a) δ(S(K, α)) ⊆ S(K, α), and
(b) δ(S(K, α)) 6= ∅;
(ii) If S(K, α) = ∅, then δ(S(K, α)) = {K}.
17See footnote 3 for a definition of maximal consistency.
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Now we have a feasible set S(K, α) that is larger than a remainder set and a notion
of informational value that should at least obey the Principle of Weak Monotony. We can
thereby define the notion of a value-based Levi contraction.18
. is a value-based Levi contraction for
Definition 4.6. Let K be a belief set. A function −
K if there is a selection function δ for K and a weakly monotonic value function V such
that for every formula α:
. α=
K−

(1)

(T

δ(S(K, α))

K

if α ∈ K;
otherwise.

If α ∈ K\Cn(∅), then:
(2)

δ(S(K, α)) = {Γ ∈ S(K, α) : V (∆) ≤ V (Γ) for all ∆ ∈ S(K, α)}.19

Hansson and Olsson (1995) have shown that every value-based Levi contraction satisfies
. 1) to (K −
. 5) as well as (K −
. 7) and (K −
. 8). More recently, Arló Costa
postulates (K −
and Liu (2010) have proven that value-based Levi contraction is characterized by the above
postulates and an additional postulate:
. 7c) If α ∈ K −
. (α ∧ β), then K −
. β⊆K−
. (α ∧ β). (Conjunctive Reduction)
(K −
We accordingly have the following theorem.
Theorem 4.7 (Hansson and Olsson (1995), Arló Costa and Liu (2010)). Let K be a belief
. be a function on For(L). Then −
. is a value-based Levi contraction for K if
set, and let −
.
.
. 7), (K −
. 7c), and (K −
. 8).
and only if it satisfies (K − 1) to (K − 5), (K −
Notice that Recovery does not appear among the list of axioms. It is not difficult to
produce counterexamples to Recovery in this setting even when the theories used in this
approach are ‘naked’ and no justificatory structure appears in the belief sets. Figure 5 is a
geometrical depiction of a Levi contraction.
Makinson discusses saturatable contractions in (Makinson, 1987) (he calls these contractions withdrawals), arguing against recommending Levi contractions. He contends that
any given saturatable but not maxichoice contraction removing α is always weaker than
some maxichoice contraction removing α. As a consequence, he concludes, choosing the
18Here we follow the the presentation (and in particular, the terminology) in (Hansson and Olsson, 1995)).
The presentation in (Hansson and Olsson, 1995) might not capture all the subtleties of the philosophical ideas
and arguments in (Levi, 1991). For better or worse, the terminology used here is now more or less standard in the
literature. Readers interested in Levi’s ideas should consult (Levi, 1991).
19This definition is more complex than the definition for partial meet contraction. The second clause in (1) is
. satisfies postulate (K −
. 3). In contrast with remainder sets, when α ∈
added to ensure that −
/ K, it is possible
0
0
for Γ, Γ ∈ S(K, α) and Γ ⊂ Γ . To take an example, consider a language with precisely two propositional
variables p, q and a belief set K := Cn({p, q}). Then Cn({p}), K ∈ S(K, ¬q)T
and Cn({p}) ⊆ K. We can
construct a selection function δ for which δ(S(K, ¬q)) = {Cn({p}), K}T
and so δ(S(K, ¬q)) = Cn({p}).
. α = δ(S(K, α)) for all α, the resulting
Thus, if we were to drop the second clause in (1), requiring that K −
.
contraction operation would violate (K − 3) (cf. Hansson and Olsson (1995, p. 108)).
The qualification that (2) holds for all formulae α ∈ K\Cn(∅) and not necessarily for formulae outside
K\Cn(∅) is also needed. For example, consider again the language with two propositional variables, this time
with a belief set K given by K := Cn({p}). Then S(K, ¬p ∧ q) = ∅. Now if (2) were required to hold for
α∈
/ K as well, then since the definition of a selection function demands that δ(S(K, ¬p ∧ q)) = {K}, it would
follow that K ∈ S(K, ¬p ∧ q), yielding a contradiction.
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F IGURE 5. Levi Contraction (the case in which φ ∈ K\Cn(∅)). The
. φK.
gray region represents JK −
meet of saturatable but not maxichoice contractions always incurs a greater loss of information than choosing the meet of the associated maxichoice contractions. As Levi (2003)
has argued, this argument is compelling if the sole aim of contraction is the minimization
of informational loss. But we have seen above that such principle is compromised in the
AGM theory and cannot be taken as the sole aim of contraction. Levi plainly rejects the
Principle of Economy, so the argument does not apply to his theory.
4.2. Mild Contractions and Severe Withdrawals. Levi’s notion of contraction has a
decision theoretic flavor at least insofar as a relevant epistemic index is maximized (minimized) over a feasible set of potential contractions. As we have seen, the first approximation to the problem of maximization from the point of view of AGM is to appeal to the
Principle of Economy. Yet if one were to apply this principle strictly, the only contractions
that would be justified would apparently be maxichoice contractions. But this principle
is compromised in partial meet contraction, which takes the intersection of a subset of
maxichoice contractions. Clearly the intersection need not be optimal with respect to the
Principle of Economy. Levi contractions face the same problem, since there is no guarantee that the intersection of of a subset of saturatable contractions is itself optimal. To solve
this problem, Levi proposes a value index for which the intersection of optimal elements
is itself optimal.
Accordingly, Arló Costa and Levi (2006) introduce further constrain the value function
V by way of the principle of Weak Min:
T
For every finite F ⊆ S(K, α), V ( Γ∈F Γ) = minΓ∈F V (Γ).

(Weak Min)

More generally, for any two potential contractions K0 and K1 the value of their intersection
is the minimum of the values of K0 and K1 . Arló Costa and Levi (2006) derive these
principles from more primitive axioms in an attempt to justify them in general (see the
principles of Weak Monotony, Extended Weak Monotony, and Weak Intersection Equality
presented in (Arló Costa and Levi, 2006)). An obvious justification of Weak Min must
show that the intersection of optimal items is optimal. This is not present in the theory
presented in (Levi, 1991). So in this case one needs to assume a special Rule for Ties that
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is not directly derived from pure considerations of optimality. In his recent (2004) book,
Levi offers another decision theoretic justification of mild contractions.
Arló Costa and Levi (2006) present an argument showing that value-based Levi contrac. 1)
tions obeying the aforementioned constraints on V are characterized by postulates (K −
.
.
to (K − 5), (K − 8), and the following postulate:
. 7a) If α ∈
. α⊆K−
. (α ∧ β). (Antitony)
(K −
/ Cn(∅), then K −
Rott and Pagnucco (1999) offer an independent representation result for the same set of
postulates in terms of sphere semantics, calling an operation satisfying these postulates a
severe withdrawal rather than a mild contraction (Levi’s opposing terminology reflects the
idea that what might look severe from the point of view of pure informational loss might
not look this way if one changes perspective and focuses on information value). Recall that
for a system of spheres S and a formula φ, we have defined the following set:
Cφ

:=

{S ∈ S : S ∩ JφK 6= ∅} ∪ {WL }.

We now define Rott and Pagnucco’s withdrawal operation in terms of sphere semantics.
. is a sphere-based severe withdrawal
Definition 4.8. Let K be a belief set. A function −
for K if there is system of spheres S centered on JKK such that for all formulae φ:
. φ=
K−

(
Th(min⊆ (C¬φ )) if φ ∈
/ Cn(∅);
K
otherwise.

Figure 6 illustrates the situation with severe withdrawal. Observe that in contrast with
partial meet contraction, a severe withdrawal is determined not only by worlds in J¬φK ∩
min⊆ (C¬φ ) but also by worlds in JφK ∩ min⊆ (C¬φ ).

F IGURE 6. Severe Withdrawal (the case in which φ ∈ K\Cn(∅)). The
gray disc represents min⊆ (C¬φ ), which generates the contraction of K
. φ = Th(min (C )).
by φ, K −
⊆
¬φ
Rott and Pagnucco offer a general philosophical argument defending the coherence of
several withdrawal. With respect to sphere semantics, they contend that severe withdrawals
obey the Principle of Weak Preference, according to which if a world w is considered at
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least as plausible as another w0 , then w should be admitted in the agents epistemic state if
w0 is admitted (Rott and Pagnucco, 1999). They write:
The Principle of Informational Economy, in a weak form, can be viewed
as limiting the extent of change to that sphere containing the closest ¬φworlds and not beyond. The Principle of Weak Preference determines
which worlds inside this limited region should be included in the new
epistemic state. Without any further restrictions it suggests that all worlds
inside this region should form part of the contracted epistemic state. In
a way, even AGM appeal to this principle. There, however, the principle is only applied relative to ¬φ-worlds, not all worlds in W. However,
no principle authorising a restricted imposition of this principle is established... The agent has determined a preference over worlds and does not
prefer the (closest) ¬φ-worlds over the (closer) φ-worlds just because it
is giving up belief in φ. Its preferences are established prior to the change
and we assume that there is no reason to alter them in light of the new
information (epistemic input) (Rott and Pagnucco, 1999, pp. 8-9).
For this reason, Rott and Pagnucco conclude that the Principle of Economy must give way.
Perhaps the simplest and most elegant way of introducing severe withdrawals is by way
of epistemic entrenchment. Recall that in Section 2.2 we offered a definition of contraction in terms of entrenchment (Definition 2.7) due to Gärdenfors (1988) and Gärdenfors
and Makinson (1988). We then indicated that Rott (1991) has suggested that Gärdenfors’
entrenchment-based contraction has little motivation. As we have seen, Rott has proposed
an alternative definition of contraction in terms of entrenchment which seems better motivated and certainly more intuitive.
. on For(L) is an entrenchmentDefinition 4.9. Let K be a belief set. We say that a function −
based severe withdrawal for K if there is an entrenchment relation ≤ such that for every
formula α:
. α
K−

=

(
K ∩ {β : α < β}
K

if α ∈
/ Cn(∅);
otherwise.

Rott and Pagnucco (1999) show that the postulates for severe withdrawal characterize
this entrenchment-based operation.20 In summary, we have the following theorem.
. be a function
Theorem 4.10 (Rott and Pagnucco (1999)). Let K be a belief set, and let −
on For(L). Then:
. is a sphere-based severe withdrawal for K if and only if it satisfies
(i) The function −
. 1) to (K −
. 5), (K −
. 7a), and (K −
. 8).
postulates (K −
.
(ii) The function − is an entrenchment-based severe withdrawal for K if and only if it
. 1) to (K −
. 5), (K −
. 7a), and (K −
. 8).
satisfies postulates (K −
Despite the appeal of several withdrawals, some consequences of their characterizing
. φ ⊆ K−
. ψ or
postulates are puzzling. For example, one can derive that either K −
.
.
K − ψ ⊆ K − φ. That is, severe withdrawals are nested. This suggests that severe
withdrawals are too orderly: Any two contractions of a theory are such that either one of
them entails the other, or vice versa. Perhaps this consequence is too strong, even while it
20See also the introduction of (Levi, 2004).
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is a trivial consequence of the sphere semantics used in (Rott and Pagnucco, 1999) and the
semantics of shells of informational value used in (Arló Costa and Levi, 2006).
Other consequences of the postulates for severe withdrawals also seem rather unintuitive. For example, a property called Expulsiveness is a consequence of the postulates that
has received criticism. Expulsiveness requires that for any two non-tautological sentences
. β or β 6∈ K −
. α. Hansson (2009) argues against this condition:
α and β that either α 6∈ K −
This is a highly implausible property of belief contraction, since it does
not allow unrelated beliefs to be undisturbed by each other’s contraction.
Consider a scholar who believes that her car is parked in front of the
house. She also believes that Shakespeare wrote the Tempest. It should
be possible for her to give up the first of these beliefs while retaining the
second. She should also be able to give up the second without giving up
the first. Expulsiveness does not allow this. The construction of a plausible operation of contraction for belief sets that does not satisfy Recovery
is still an open issue (Hansson, 2009).
Expulsiveness seems implausible for related beliefs as well. Consider the same example
but with two relevant beliefs, that her car is parked in front of the house and that the car
contains a bomb. It seems that it should be plausible to give up the belief that the car is
parked in front of her house with a bomb in it. It also seems perfectly possible to give up
the belief that the car contains a bomb while preserving the belief that the car is parked in
front of the scholar’s house.
Antitony itself has also been criticized. For example, Hansson asserts that Antitony
(without the proviso that the contracted sentence α is not a logical theorem) “does not hold
for any sensible operator of contraction” (Hansson, 1999, p. 117).21
None of the aforementioned problems arise for saturatable contraction. It seems that
this notion of contraction is the best candidate currently available in the literature that can
violate Recovery.
4.3. Belief Base Contraction. There is a separate and independently motivated way of
avoiding Recovery. The idea is to appeal to belief bases rather than belief sets to represent
explicit beliefs. A belief base is simply a set of formulae which is not required to be
logically closed. The formulae comprising a belief base are intended to represent those
beliefs which are held independently of any other belief or collection of beliefs. As such,
logical consequences of a belief base which are not in the belief base are merely derived,
i.e., they have no independent standing Hansson (2009).
The central idea regarding belief dynamics is that changes are always performed on the
belief base. While an agent might be committed to the logical consequences of a base, if
a derived belief loses support it will be automatically discarded. The following example,
due to Hansson, makes this explicit.
21Levi has defended Antitony by appealing to the use of partitions in the presentation of contraction. Many
counterexamples to Antitony appeal to cases where the sentences α and β used in the postulate are mutually
irrelevant. The use of partitions filters irrelevant cases, in the sense that the two sentences in question are potential
answers to the same issue. One can certainly use a semantics where partitions of this sort are deployed. In (Arló
Costa and Levi, 2006) such a semantics is used. But in (Arló Costa and Levi, 2006) a complete axiomatization is
presented from which the postulates discussed here are derivable. In particular the postulates we are discussing
here is derivable for any sentence α, β, without any further syntactic restrictions. Here we are considering the
adequacy of postulates independently of the semantics utilized to validate them (the possible world semantics of
Rott and Pagnucco, Levi’s partitional semantics, etc.). But even if one only considers instances of this axiom
where the two sentences are potential answers to the same issue, the requirement that any two representable
arbitrary contractions obey this tidy entailment pattern seems too orderly to be true.
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Example 4.11 (Hansson (2009)). I believe that Paris is the capital of
France (p). I also believe that there is milk in the fridge (m). Therefore, I believe that Paris is the capital of France if and only if there is milk
in the fridge (p ↔ m). I open the fridge and find it necessary to replace
my belief in m with belief in ¬m. I cannot then, on pain of inconsistency,
retain both my belief in p and my belief in p ↔ m.
2
If we were to represent the current epistemic state by a theory, then both p and p ↔ m
would be elements of the belief set. When one opens the fridge and finds no milk one
has to choose between retaining p and retaining p ↔ m. The retraction of p ↔ m is not
automatic. But in the belief base approach, the option of retaining p ↔ m does not even
arise. Since m is a basic belief, while p ↔ m is a derived belief, when m is removed, the
biconditional is immediately removed.
Although Hansson’s example is quite convincing, the situation can be reversed. Consider the following example:
Example 4.12. On March 12, 2008, I believe that governor Spitzer will
resign effective on March 17, 2008 (s). I also believe that David Paterson
will assume as governor of New York on March 17, 2008 (p), so I believe
that governor Spitzer will resign effective on March 17, 2008 if and only
if David Paterson will assume as governor on March 17, 2008 (s and
s ↔ p). Now (say on March 13th) I learn that governor Spitzer has not
resigned (¬s). I cannot then, on pain of inconsistency, retain both my
belief in p and my belief in s and s ↔ p.
2
Structurally the examples are similar, only that, in spite of the fact that p is a basic
belief and s ↔ p is a derived belief, it seems more reasonable to retain s and s ↔ p and
to reject p. At least this seems a permissible epistemic strategy. Notice, nevertheless, that
if we were to use bases to represent this example, the strategy in question would be not be
available. The rejection of s and s ↔ p would be automatic.
The previous example suggests that the representation of epistemic states using bases
may be too rigid, limiting the epistemic options of an agent in an unreasonable manner. In
spite of this and other problems, there is an important and interesting literature on bases.
Many applications, for example in computer science, depend on representing epistemic
states using belief bases.
The definitions of a remainder set and partial meet contraction from Section 2.1 apply to
belief bases. One can thereby investigate the logical structure of partial meet contraction
for belief bases rather than just belief sets. Most postulates for contraction hold in this
new setting, with the exception of Recovery. The following example illustrates the failure
of Recovery in this setting. The example was originally formulated by Levi (1991) and
adapted with a different purpose by Hansson (2009).
Example 4.13 (Hansson (2009)). Let the belief set K include both a belief that the coin was tossed (c) and a belief that it landed heads (h). The
epistemic agent wishes to consider whether on the supposition that the
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coin had been tossed, it would have landed heads. In order to do that, it
would seem reasonable to remove c from the belief set and then reinsert
. c) + c.
it, i.e., to perform the series of operations (K −
(1) If partial meet contraction is performed directly on the belief set, then
. c) + c, i.e. h comes back with
it follows from Recovery that h ∈ (K −
c. This is contrary to reasonable intuitions.
(2) If partial meet contraction is instead performed on a belief base for K,
then Recovery can be avoided. Let the belief base be {p1 , . . . , pn , c, h},
where the background beliefs p1 , . . . , pn are unrelated to c and h,
whereas h logically implies c. Then K = Cn({p1 , . . . , pn , c, h}).
.c=
Since h implies c, it will have to go when c is removed, so that K −
.
Cn({p1 , . . . , pn }). When c is reinserted, the outcome is (K − c) + c =
Cn({p1 , . . . , pn , c}) that does not contain h, as desired.
2
An operator of partial meet contraction for an arbitrary set of formulae Θ is characterized
by the following postulates (Hansson, 1999):
. α).
(i) If α 6∈ Cn(∅), then α 6∈ Cn(Θ −
(Success)
.
(ii) Θ − α ⊆ Θ.
(Inclusion)
. α, then there is a set Θ0 such that
(iii) If β ∈ Θ and β 6∈ Θ −
(Relevance)
. α ⊆ Θ0 ⊆ Θ and that α 6∈ Cn(Θ0 ) but α ∈ Cn(Θ0 ∪ {β}).
Θ−
(iv) If it holds for all subsets Θ0 of Θ that
(Uniformity)
α ∈ Cn(Θ0 ) if and only if β ∈ Cn(Θ0 ),
. α=Θ−
. β.
then Θ −
As the reader can see the postulate of Relevance has in this setting a role similar to that
of Recovery in the theory of partial meet contraction for belief sets, without many of the
undesirable consequences of adopting Recovery.
Hansson studied in a series of articles (see (Hansson, 1999) for a concise presentation)
a different operation on belief bases called kernel contraction. For any sentence α, a α. can be based on the simple
kernel is a minimal α-implying set. A contraction operation −
.
principle that no α-kernel should be included in K − α. In order to implement this idea
one can deploy an incision function selecting at least one element from each α-kernel.
Hansson explains in (Hansson, 2009) which is the relation of this operation with partial
meet contraction:
An operation that removes exactly those elements that are selected for removal by an incision function is called an operation of kernel contraction.
It turns out that all partial meet contractions on belief bases are kernel
contractions, but the converse relationship does not hold, i.e. there are
kernel contractions that are not partial meet contractions. In other words,
kernel contraction is a generalization of partial meet contraction.
Another important application of kernel contraction is related to its use in the study
of the form of contraction less understood in the literature so far: safe contraction (Alchourrón and Makinson, 1985). Basically safe contractions can be seen as relational restrictions on certain type of kernel contractions. The problem of proving a characterization
theorem for the class of safe contractions over theories remains open. Preliminary results
towards finding such characterization result can be found if the work of Alex Smith (Smith,
2009).
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5. D OUBTS ABOUT OTHER P OSTULATES
Thus far we have primarily focused on doubts about the Recovery postulate and several ways to accommodate these doubts within formal frameworks which still possess the
spirit of that proposed by AGM. In this section we turn to doubts about other postulates,
providing the reader with a glimpse of the formal and philosophical issues involved.
. 7).
Let us begin with a simple purported counterexample to postulate (K −

Example 5.1 (Hansson (1999)). I believe that Accra is a national capital
(a). I also believe that Bangui is a national capital (b). As a (logical)
consequence of this, I also believe that either Accra or Bangui is a national
capital (a ∨ b).
Case 1. ‘Give the name of an African capital’ says my geography
teacher.
‘Accra’ I say, confidently.
The teacher looks angrily at me without saying a word. I lose my belief
in a. However, I sill retain my belief in b, an consequently in a ∨ b.
Case 2. I answer ‘Bangui’ to the same question. The teacher gives me
the same wordless response. In this case, I lose my belief in b, but I
retain my belief in a and consequently my belief in a ∨ b.
Case 3. ‘Give the names of two African capitals’ say my geography
teacher.
‘Accra and Bangui’ I say, confidently.
The teacher looks angrily at me without saying a word. I lose confidence in my answer, that is, I lose my belief in a ∧ b. Since my beliefs
in a and b were equally strong, I cannot choose between them, so I lose
both of them. After this, I no longer believe in a ∨ b.
2
. a∩K−
. b but not an element of K −
. (a ∧ b), clearly
Since a ∨ b is an element of K −
.
postulate (K − 7) is violated. Hansson (1999, p. 79) argues that this postulate can be
defended from the perspective of a belief base representation. Since a ∨ b is not a basic
. a, although it is an element of Cn(K −
. a). Therefore,
belief, it is not an element of K −
.
.
a ∨ b is not an element of (K − a) ∩ (K − b). Hansson concludes that the fact that a ∨ b
. (a ∧ b) does not contradict (K −
. 7).
is not a member of K −
Recently Hans Rott (2004) has presented a single counterexample to several postulates
of belief contraction and belief revision, most notably postulates (K ∗ 7) and (K ∗ 8).
Rott takes his counterexample to suggest that many of the most cherished fundamental
principles of belief change should not be regarded as valid for commonsense reasoning,
explaining this in terms of a transformation of a familiar problem of rational choice to a
problem of belief formation.
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We will present Rott’s counterexample here, focusing on its relevance to postulates of
belief revision. The counterexample involves three hypothetical scenarios in which an
agent accepts belief-contravening information. Each scenario describes a potential unfolding of events. The scenarios in the counterexamples are not consecutive stages of a single
chain of events. Rather, each scenario describes one way things could turn out. Moreover,
only one of these scenarios will be realized.

Example 5.2 (Rott (2004)). A philosophy department has announced an
open position in metaphysics. Tom, an interested bystander, happens to
know a few of the applicants: Amanda Andrews, Bernice Becker, Carlos
Cortez, and Don Doyle. Tom, just like everyone else, knows that Andrews
is an outstanding specialist in metaphysics, whereas Becker, who is also a
very good metaphysician, is not quite as excellent as Andrews. However,
Becker has done some substantial work in logic. Cortez has a comparatively slim record in metaphysics, yet he is widely recognized as one of
the most brilliant logicians of his generation. By contrast, Doyle is a star
metaphysician, while Andrews has done close to no work in logic.
Now suppose Tom initially believes that neither Andrews, Becker, nor
Cortez will be offered the position because he, like everyone else, believes
that Doyle is the obvious candidate to be offered the position. Tom is
well-aware that only one of the applicants will be offered the position.
Let a, b, c, and d stand for the following sentences:
a:
b:
c:
d:

Andrews will be offered the position.
Becker will be offered the position.
Cortez will be offered the position.
Doyle will be offered the position.

Tom is having lunch with the dean. The dean is a very competent, serious,
and honest man. He is also the chairman of the selection committee.
Scenario 1. The dean informs Tom that either Andrews or Becker will
be offered the position. That is, the dean informs Tom that a ∨ b.
Because Tom presumes that expertise in metaphysics is the decisive
criterion for the selection committee’s decision, Tom concludes that
Andrews will be offered the position (and of course that all other applicants will not be offered the position).
Scenario 2. The dean confides to Tom that either Andrews, Becker,
or Cortez will be offered the position, thereby supplying him with
a ∨ b ∨ c. Because Cortez is a brilliant logician, Tom realizes that
he cannot sustain his presumption that metaphysics is the decisive criterion for the selection committee’s decision. From Tom’s perspective,
logic also appears to be regarded as a considerable asset by the selection committee. Nonetheless, because Cortez has such a slim record in
metaphysics, Tom believes that Cortez will not be offered the position.
But Tom sees that logic contributes to an applicant’s chances of being
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offered a position. Tom thereby concludes that Becker will be offered
the position (and so no other applicant will be offered the position).
Scenario 3. The dean tells Tom that Cortez will be offered the position, thereby supplying him with c. Tom is certainly surprised, yet he
believes what the dean tells him.
2
Let us take stock of Tom’s beliefs in these scenarios. Initially, Tom believes d, ¬a, ¬b,
and ¬c. Thus, letting K denote Tom’s initial belief set, d, ¬a, ¬b and ¬c are in K. In
Scenario 1, Tom’s revises his belief set K by a ∨ b, and his revised belief set K ∗ (a ∨ b)
contains a and ¬b, as well as ¬c and ¬d. In Scenario 2, Tom revises his belief set K by
a ∨ b ∨ c. His revised belief set K ∗ (a ∨ b ∨ c) includes b, ¬a, ¬c, and ¬d. Finally, in
Scenario 3, Tom revises his belief set K by c, whereby his revised belief set K ∗ c contains
c, ¬a, ¬b, and ¬d.
We are now in a position to see that Example 5.2 constitutes a violation of postulates
(K ∗ 7) and (K ∗ 8). Since ¬b ∈ K ∗ (a ∨ b ∨ c) ∧ (a ∨ b) = K ∗ (a ∨ b) and ¬b ∈
/
Cn((K ∗ (a ∨ b ∨ c)) ∪ {a ∨ b}) = K ∗ (a ∨ b ∨ c), postulate (∗7) is violated. Similarly,
postulate (K ∗ 8) is violated.
In light of Theorem 3.22, we should be unsurprised to see that conditions α and β +
are also violated. And they are. Rott argues that a well-known phenomenon from rational
choice is responsible for these violations. This phenomenon turns on the epistemic value
or relevance of the menu with which an agent is faced. We can explain Rott’s idea as follows. When Tom faces the “menu” represented by a ∨ b, he does it under the presumption
that metaphysics is the decisive criterion for the selection committee’s decision. Therefore, when he has to judge the relative merits of Andrews and Becker as candidates, Tom
concludes that Andrews will be offered the position. But the disclosure of certain facts
about Cortez in Scenario 2 alters Tom’s evaluation of the relative merits of Andrews and
Becker as candidates and as a consequence Tom concludes that Becker will be offered the
position instead. Since the information Tom receives includes certain facts about Cortez,
and since this information has been acquired from a reliable source (viz., the dean), Tom
learns something important about the selection criterion used by the selection committee
(viz., that expertise in metaphysics is not the only decisive criterion used by the selection
committee). Thus, Rott argues, Tom’s revision when faced with a ∨ b ∨ c has epistemic
relevance for Tom’s epistemic decision.
In his (2009), Robert Stalnaker scrutinizes Rott’s example, contending that it does not
threaten the principles of AGM and in particular the revision postulates in question. The
principles, Stalnaker claims, should continue to apply. Nonetheless, Stalnaker agrees with
Rott that the example in question shows that we need to take account of a richer body of
information than done in the simple model supplied by AGM.
Arló Costa and Pedersen (2010) argue that the phenomenon pointed to above arises
quite generally in the context of belief change, with particular attention given to the role
norms play in belief formation. The authors propose a new theory of belief revision called
norm-inclusive belief revision. As the name suggests, this theory is meant to accommodate
the influence of norms in belief formation. The authors state and prove correspondence
results in the style of Rott’s results. This work is extended in various ways in (Pedersen,
2008).

BELIEF REVISION

35

6. P ROBABILITY AND B ELIEF ; B ELIEF C HANGE AND S UPPOSITION
We return here to the topics considered at the beginning of this article. It has been
pointed out rather frequently that the view of probability presented at the beginning of this
essay is difficult to reconcile with the traditional notion of belief used in epistemology
(both in its formal and informal variants). Some of the obvious options, like adopting an
acceptance rule that identifies highly probable propositions with believed propositions either lead to paradox or require for its sound formulation the abandonment of basic logical
principles. Nevertheless there are some recent attempts to derive both belief and monadic
degree of belief from suppositions (i.e., from conditional probability assumed as a primitive). The idea that we will consider here is based on a slight reformulation of ideas
presented by Bas van Fraassen in (van Fraassen, 1995).
Let’s first introduce a notion of conditional probability that allows from conditioning on
events of zero measure. We present a similar axiom system than the one proposed by van
Fraassen (1995). The idea is to introduce a function P (·|·) defined on a σ-field F over
some set W . The requirements are that
(I) For every A ∈ F , either:
(a) P (·|A) is a (countably additive) probability measure, or
(b) P (·|A) has constant value 1;
(II) P (A|A) = 1;
(III) P (B ∩ C|A) = P (B|A)P (C|B ∩ A) for all A, B, C ∈ F .
Axiom (I) allows for the representation of an inconsistent state, given by the constant
function with value 1. The second axioms seems constitutive of the notion of conditional
probability (any notion of probability that does not satisfy it cannot be properly called
probability). The third axiom is very important. It has a long history going back at least to
Jeffreys and to Keynes who used it in their books on probability.
For fixed A, if P (·|A) is a probability measure, then A is normal; otherwise it is abnormal, i.e., P (·|A) has constant value 1, so in particular, P (∅|A) = 1.
Slightly modifying van Fraassen’s definition we define a core as a set K which is normal
and satisfies the strong superiority condition (SSC) i.e. if A is a nonempty subset of K and
B is disjoint from K, then P (B|A∪B) = 0 (and so P (A|A∪B) = 1). Thus any non-empty
subset of K is more “believable” than any set disjoint from K. It can then be established
that all non-empty subsets of a core are normal.
More importantly one can show that the family of cores that corresponds to a given
probability function P (·|·) is nested, i.e. that for any two cores for P , K1 and K1 , either
K1 is included in K2 or vice versa. In addition Arló-Costa showed in (Arló Costa, 1999)
that the chain of belief cores induced by a 2-place function P cannot contain an infinitely
descending chain of cores (countable additivity plays a central role in this proof).
Cores are well ordered under inclusion and closely resemble Grove spheres (Grove,
1988) and Spohn’s ranking functions (Spohn, 1998). When the probabilistic space is countable one can show that there is a smallest as well as a largest core (the union of all cores).
The smallest core can be identified with (ordinary) beliefs or expectations and the largest
core with full beliefs, (i.e. a priori beliefs) so that in general probability 1 is not sufficient
for full belief.
One can also see the smallest core (in the countable case) as the strongest proposition
of measure one. One can establish that all points carrying non-zero measure constitute
exactly the innermost core. So, the innermost core (and all cores) carry probability one,
but any point outside of the smallest core carries measure zero. So, in a way the core
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system orders points of zero probability. A possible interpretation of this ordering is as a
plausibility measure.
There is no consensus as to what is exactly the attitude that is revised or contracted
in the standard theory of belief change. Many philosophers maintain that this attitude
is full belief. Under that point of view the account of belief change emerging from this
probabilistic framework does not fit with the received view in the field. But when one
supposes a proposition that is compatible with the full beliefs for P, an operation of belief
change occurs that can be seen as the revision of expectations rather than the revision of
full beliefs. Seen from the point of view of the corpus of full beliefs for P these changes
can be seen as inductive expansions of the body of full beliefs for P.
Hannes Leitgeb recently offered a very interesting model of belief in terms of degrees
of belief (2010). Starting from very different insights than the ones presented above he
showed how to construct cores systems from standard monadic probability. Unlike the
previous construction the innermost core might carry high probability that is less than one.
So, his construction seems to derive a notion of plain belief rather than certainty or full
belief. Arló-Costa and Perdersen have showed in an even more recent paper ((2010)) that
Leitgeb’s construction can be derived from an extension of the probabilistic theory of cores
presented above. So, various different approaches seem to converge into an unified theory.
This body of work seems to point in the direction of finally reconciling probabilistic and
qualitative notions of belief.
6.1. Core Dynamics and Matter-Of-Fact Supposition. One natural question related to
the previous proposal is the following: Given an initial two-place probability function
P (·|·) and its core system C, what is the shape of the core system that corresponds to
P JαK(·|·), the update of the probability function P (·|·) with the proposition expressed by α
(denoted here as JαK)? We assume here the Bayesian characterization of update: P JαK(·|·)
= P (·| · ∩JαK).
The answer has a Bayesian flavor that nevertheless is difficult to reconcile with the
dominant views about revision and contraction in the field of belief change: the core system
CJαK corresponding to P JαK(·|·) is obtained by the following operation CJαK = {X ∩ JαK :
X ∈ C}. So, basically one just takes the intersection of each core with the incoming
proposition expressed by α and this is the new core system (see (Arló Costa, 2001b) for
details).
The notion of belief change arising from this core dynamics can be axiomatized as
follows (Arló Costa, 2001a)
Entailment: Ex(P ) ⊆ F (P ).
Full Belief Expansion: F (P ) ∩ JαK = F (P JαK).
Success: Ex(P JαK) ⊆ JαK.
Preservation: If Ex(P JαK) ∩ JαK 6= ∅, then Ex(P JαK) ∩ JαK = Ex(P JαK).
Restricted Consistency Preservation: If F (P ) ∩ JαK 6= ∅, then Ex(P JαK) 6= ∅.
Entertainability: If F (P ) ∩ JαK = ∅, then P JαK is abnormal.
Fixity: If P is the abnormal function, then Ex(P JαK) = F (P JαK) = ∅ and
P JαK = P .
Cumulativity: Ex((P JαK)JβK) = Ex(P (JαK ∩ JβK)).

Here we use Ex(P ) and F (P ) to denote the expectations and full beliefs of P respectively (otherwise they can be seen as denoting the innermost and outermost core respectively).
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Various axioms conflict directly with well know AGM axioms. For example, fixity is
incompatible with AGM which assumes that it is always possible to extricate oneself from
inconsistency by updating with a consistent proposition. In this setting once one falls into
inconsistency there is no possible repair and one will continue to be in an incoherent state
no matter what. Cumulativity is not satisfied by any notion of revision we are aware of in
the literature.22
In (Arló Costa, 2001a) an argument is presented indicating that this Bayesian notion of
belief change can be used to model indicative or matter-of-fact supposition. In virtue of this
interpretation the notion of change is called hypothetical revision in (Arló Costa, 2001a).
One of the conditional axioms that holds for this notion of supposing is the export-import
axiom, which is validated by cumulativity.

6.2. Update, Imaging and Subjunctive Supposition. There is another notion of change
that has both a suppositional and a probabilistic pedigree. In (Lewis, 1976) and (Lewis,
1986) David Lewis proposed a notion of probabilistic update called imaging. In these
articles Lewis proved that the probability of a conditional cannot be conditional probability.
Nevertheless it is true that the probability of a conditional ‘If A, then B’ equals the value
of P ([B]\[A]) where P ([B]\[A]) is the result of computing the probability of [B] upon
imaging on [A]. What is imaging? Suppose that there is a set of points F carrying positive
probability in a space U . Then the result of imaging on [A] should be computed as follows:
(1) for every A-world in F its probability remains unchanged and (2) for every ¬A-world
w in F one first identifies the most similar A-word to it and then transfers the probability
rigidly to its most similar A-point (we assume here for simplicity that there is always a
unique most similar A-point). This operation is rather different from conditioning.
In an important paper (Katsuno and Mendelzon, 1991a) the computer scientists Hirofumi Katsuno and Alberto Mendelzon axiomatized and proved a representation result for
a qualitative counterpart of imaging. The properties of this notion of change are quite different from the ones that AGM has. For example, this notion of change has a property
very similar to the notion of fixity proposed above. The update of an inconsistent state
remains inconsistent. Moreover update, unlike most notions of change is monotonic in the
sense that if K ⊆ H then the update of K with an arbitrary sentence α is also included
in the update of H with the same sentence. Both properties are incompatible with AGM
and compatible with a form of the Ramsey test first proposed by Peter Gärdenfors. This
test states that a conditional α > β belongs to a belief set K if and only if β belongs to
the update of K with α. It is well known that this test is incompatible with AGM. It is not
difficult to see that both monotony and the property that the update of an inconsistent belief
set remains inconsistent are entailed by Gärdenfors’ version of the Ramsey test. Moreover
one can prove that when the notion of update obeys the axioms of Katsuno and Mendelzon
the logic of conditionals validated by this version of Gärdenfors’ test is exactly the system
VC of Lewis, which is Lewis’ official axiomatization of the notion of counterfactual. So,
many have proposed that the axioms of update encode the notion of supposition tacitly
proposed by Lewis in his analysis of counterfactuals.

22A possible exception is the notion of irrevocable revision introduced in a completely different setting by
Krister Segerberg.
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7. E PISTEMIC S TATES VS . B ELIEF S ETS : T HE P ROBLEM OF I TERATION
A belief set is a representation of the beliefs that a rational agent is committed to have.
But perhaps an epistemic state is a more complex entity. Perhaps an epistemic state contains not only the beliefs of the agent but also a dynamic component useful to guide changes
of these beliefs. We have seen above various possible dynamic components: plausibility
orderings, entrenchment orderings, a probability measure. These examples do not exhaust
the list of all possible dynamic components.
We can thing abstractly about epistemic states as a complex entity that is associated with
its belief set. But it is conceivable to have the same beliefs paired with different dynamic
components. We can use here a minor variant of the notation employed by Adnan Darwiche
and Judea Pearl in a classical paper on iterated belief change (1997). We denote epistemic
states with upper case Greek letters (Φ, Ψ). Given an epistemic state Ψ its associated belief
set is denoted by Bel(Ψ). Of course Ψ ∗ µ stands for an epistemic state, not a belief set.
We can now introduce axioms that take into account the distinction between epistemic state
and belief set:
(R ∗ 0) Bel(Ψ) = Cn(Bel(Ψ)). (Closure)
(R ∗ 1) µ ∈ Bel(Ψ ∗ µ). (Success)
(R ∗ 2) If ¬µ 6∈ Bel(Ψ), then Bel(Ψ ∗ µ) = Bel(Ψ) + µ. (Inclusion + Vacuity)
(R ∗ 3) If 6` ¬µ, then ⊥ 6∈ Bel(Ψ ∗ µ). (Consistency)
(R ∗ 4) If Ψ1 = Ψ2 andµ1 ↔ µ2 , then Bel(Ψ1 ∗ µ1 ) = Bel(Ψ2 ∗ µ2 ). (Extensionality)
(R ∗ 5) Bel(Ψ ∗ µ) + φ ⊆ Bel(Ψ ∗ (µ ∧ φ). (Superexpansion)
(R ∗ 6) If ¬φ 6∈ Bel(Ψ ∗ µ), then Bel(Ψ ∗ (µ ∧ φ) ⊆ Bel(Ψ ∗ µ) + φ. (Subexpansion)
The axiom (R ∗ 4) is a crucial axiom in this representation. The standard axiom of
extensionality is quite different. In this notation it should be formulated as follows:
(R4) If Bel(Ψ1 ) = Bel(Ψ2 ) and µ1 ↔ µ2 , then Bel(Ψ1 ∗ µ1 ) = Bel(Ψ2 ∗ µ2 ). (Extensionality)
But it should be clear that (R4) can fail to be true in the case that the dynamic components of Ψ1 and Ψ2 are different.
7.1. Special Axioms for Iteration. Darwiche and Pearl propose in their paper special
axioms for iteration. We will review here these special axioms.
(C1) If α |= µ, then Bel((Ψ ∗ µ) ∗ α) = Bel(Ψ ∗ α).
Explanation : When two pieces of evidence arrive, the second being more specific than
the first, the first is redundant; that is, the second evidence alone would yield
the same belief set.
(C2) If α |= ¬µ, then Bel((Ψ ∗ µ) ∗ α) = Bel(Ψ ∗ α).
Explanation : When two contradictory pieces of evidence arrive, the last one prevails; that
is, the second evidence alone would yield the same belief set.
(C3) If µ ∈ Bel(Ψ ∗ α), then µ ∈ Bel((Ψ ∗ µ) ∗ α).
Explanation : Evidence µ should be retained after accommodating a more recent evidence
α that implies µ given current beliefs.
(C4) If ¬µ 6∈ Bel(Ψ ∗ α), then ¬µ 6∈ Bel((Ψ ∗ µ) ∗ α).
Explanation : No evidence can contribute to its own demise. If µ is not contradicted after
seeing α, then it should remain uncontradicted when α is preceded by µ itself.
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Several useful examples are discussed in (Darwiche and Pearl, 1997). For example epistemic states can be encoded as rankings (or ordinal conditional functions) first introduced
by Wolfgang Spohn (1988). A ranking is a function κ from the set of all interpretations
of the underlying language (worlds) into the natural numbers. A ranking is extended to
propositions by requiring that the rank of a proposition be the smallest rank assigned to a
world that satisfies:
κ(A)

=

min κ(w).
w|=A

The set of models corresponding to the belief set ρ(κ) associated with a ranking κ is the
set {w : κ(w) = 0}. Darwiche and Pearl proved in (1997) that the following method for
updating rankings satisfies their postulates:

(κ • A)(w)

=

(
κ(w) − κ(A) if w |= A;
κ(w) + 1
otherwise.

A representation result for ranking functions is offered in (Hild and Spohn, 2008). The
result requires the use of additional axioms for iterated contraction. In this notation the
axioms entail at least:23
(C5) If |= µ ∨ φ, then Bel((Ψ ÷ µ) ÷ φ) = Bel((Ψ ÷ φ) ÷ µ). (Restricted Commutativity)
(C6) If µ |= φ and φ → µ 6∈ Bel(Ψ ÷ µ), then Bel((Ψ ÷ (φ → µ)) ÷ φ) = Bel((Ψ ÷ µ) ÷ φ).
(Path Independence)
7.2. Other Approaches to Iteration. The distinction between epistemic state and belief
set can be applied in a slightly different way to make iteration possible. The epistemic state
Ψ can be an entrenchment ordering. Then we have that:
Bel(Ψ)

{q : r < q for some r},

=

where < is the entrenchment ordering identical to the epistemic state Ψ. So, the challenge
is to provide an algorithm for changing entrenchment orderings in the presence of new
information (rather than belief sets). So, if one starts with an entrenchment ordering ≤= Ψ,
when one learns α, the idea is to map ≤ to a new entrenchment ordering ≤0 = Ψ ∗ α. The
new belief set is calculated immediately as follows:
Bel(Ψ ∗ α)

=

{q : r <0 q for some r}

The crucial problem is therefore to indicate how epistemic states change when they are
identified with an entrenchment ordering. There are various proposals in the literature
suggesting how to do this (see, among others, (Nayak, 1994), (Rott, 2003), (Ferme and
Rott, 2004)).
23The axioms are slightly stronger than stated below. See Definition 5.1 in (2008) for details
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In spite of its apparent naturalness, this approach to iteration has not produced a breakthrough in this area. Hans Rott’s proposal, for example, has some of the same fundamental
problems than an approach proposed earlier by Craig Boutilier (1996). Boutilier proposed
to adopt the following iterated axiom:
(CB) If ¬α ∈ Bel(Ψ ∗ µ), then Bel((Ψ ∗ µ) ∗ α) = Bel(Ψ ∗ α). (Absolute Minimization)
To visualize this axiom think that epistemic states are encoded as pre-orders. Then one
has ≤Ψ as the pre-order corresponding to Ψ and ≤Ψ∗µ as the pre-order corresponding to
Ψ ∗ µ. We need an additional notion to discuss the axiom. We can say that an epistemic
state Ψ supports a conditional α > β if and only if the minimal α worlds according to ≤Ψ
are β worlds.
Then the axiom (CB) recommends a minimizing changes in conditional beliefs due to
a revision by making the pre-orders ≤Ψ and ≤Ψ∗µ as similar as possible. But this leads to
unreasonable conclusions as the following example shows:
Example 7.1. We encounter a strange new animal and it appears to be a
bird, so we believe the animal is a bird. As it comes closer to our hiding
place, we see clearly that the animal is red, so we believe that it is a red
bird. To remove further doubts about the animal birdness, we call in a
bird expert who takes it for examination and concludes that it is not really
a bird but some sort of mammal. The question now is whether we should
still believe that the animal is red. Postulate (CB) tells us that we should
no longer believe that the animal is red (Darwiche and Pearl, 1997, p. 10).
2
The reason for this behavior is that retaining the belief in the animals color means that
we are implicitly acquiring a new conditional belief-that the animal is red given that it
is not a bird-which we did not have before. So, the strategy of minimizing changes in
conditional beliefs can lead to counterintuitive recommendations. As Darwiche and Pearl
observe, once the animal is seen red, it should be presumed red no matter what ornithological classification results from further examination. And if this requires introducing new
conditional beliefs, so be it.
The postulates offered by Darwiche and Pearl seem to avoid these problems and therefore they should be considered an improvement with respect to accounts of the sort defended by Rott and Boutilier.
The additional proposals which recommend to operate directly on entrenchment orderings have departed considerably from the AGM orthodoxy. Nayak has proposed to revise
entrenchments by other entrenchments, changing therefore radically the way in which inputs tend to be understood in the traditional theories of belief change (1994). Fermé and
Rott have proposed to investigate belief revision with inputs of the form ”accept q with
a degree of plausibility that at least equals that of p” (2004). Again epistemic states are
represented by entrenchment orderings, which are revised by this kind of input, yielding
new entrenchment orderings.
When belief contraction and revision are constructed decision-theoretically (as in many
proposals recently offered by Isaac Levi) the notion of iteration can be investigated as well.
In this case the relevant contextual parameter is the value function used in the model. The
type of iterated change that arises when the value function is kept fixed has been investigated in (Arló Costa, 2006). The idea is analogous to the situation when iterated changes
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are modeled with respect to a fixed entrenchment ordering or a fixed ranking system. An
open problem in this area is the determination of the dynamics of value functions.
7.3. Which Axioms are Correct? Perhaps the axioms offered by Darwiche and Pearl
(and extended by Hild and Spohn) are the less controversial set of axioms for iteration
offered so far. But they do not enjoy the degree of consensus that the AGM axioms have
in the one-shot case. At least this is so for the AGM axioms for revision (the situation is
more nuanced in the case of contraction).
But the problem of iteration remains in a way unresolved. And we would like to argue
that there is perhaps an unavoidable degree of indetermination associated with it. To appreciate the problem let’s consider another article by Pearl, this time written in collaboration
with Moises Goldszmidt (1996). In this article Pearl and Goldszmidt consider the often
neglected problem of computational feasibility of belief revision. So, various algorithms
designed to compute with rankings are offered and their computational complexity is investigated. Based on these considerations Pearl and Goldszmidt recommend the following
algorithm to update ranking functions:

(κ • α)(w)

=

(
κ(w) − κ(α) if w |= α;
∞
otherwise.

It is clear that this procedure violates the axiom (C2) proposed by Pearl himself in collaboration with Darwiche. So, the C-axioms for iteration are not a golden standard that
has to be preserved in all forms of iterated belief change. In a way this should not be surprising. The meta-criterion used to propose the C-axioms is symmetry. The idea is that
when revising with a sentence α the relative ordering of the α and ¬α worlds has to be preserved. Obviously the procedure for updating rankings proposed by Pearl and Goldszmidt
violates this symmetry: when one updates with α the relative ordering of the ¬α worlds is
destroyed and no memory is preserved of the previous ordering. But this procedure (which
has a Bayesian flavor) might be very efficient. And if efficiency rather than symmetry is
the dominant consideration one should not be constrained by the C-postulates.
Computational feasibility and symmetry need not be the only meta-criteria that matter.
One can classify different methods for updating rankings in terms of their capacity to
learn the truth in the long run, for example. Kevin Kelly did such a study in his (Kelly,
1998). Or one can focus on the orthogonal goal of minimizing losses of informational
value in the next step of inquiry, as Isaac Levi has proposed for years, and consequently
deny the importance or interest of iterated change. Perhaps only makes sense to elicit
iterated axioms relative to a determinate understanding of inquiry. And one should not
be surprised if two axioms systems corresponding to different views of inquiry conflict.
Since the different philosophical positions about inquiry and rationality often conflict one
should expect that the axioms that reflect them syntactically conflict as well. In conclusion,
perhaps it is foolish to expect the emergence of consensual axioms that would apply across
different views of inquiry and rationality. If such axioms exist, they should be very weak
indeed.
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